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“Two and two are four; four and four are eight; 
Eight and eight are sixteen; sixteen and sixteen are thirty-two.”

So goes a children’s song. Many more rhymes, jump-rope chants, and songs help chil-
dren to count, order, and sequence the numbered world. Early experiences with num-
ber and manipulating groups begin before children ever cross the school threshold. 
Once there, much of their days are spent internalizing their own sense of number and 
fortifying it. These early days lay the foundations for working in algebra, fractions, 
calculus, and many scientifi c fi elds as well.

The articles in this issue help us to see the excitement and the challenges of this 
cornerstone of mathematics. Number and Operations span the full K–8 spectrum of 
mathematical learning. The topic also stretches across the history of modern educa-
tion, from the mathematical concerns of Friedrich Froebel, the nineteenth-century 
developer of modern kindergartens, to the latest thinking on middle school math con-
tained in the highly regarded Connected Math 2, released just this year.

This issue of Connect explores ways to assist children in developing sound ideas 
about number and operations, giving them knowledge that allows them to ask ques-
tions, to turn problems on their sides, if need be, in order to solve them. The combina-

tion of practicing isolated skills and engendering the 
ability to reason is essential for our learners, and 

the practitioners writing the articles found here 
do this artfully. 

Connect™

published by S Y N E R G Y  L E A R N I N G  I N T E R NAT I O NA L ™

Connect is published fi ve times per year (bi-monthly through the school year) and offers a wide range of practical, teacher-written articles. 
Each issue is thematic and supports hands-on learning, problem solving, and multidisciplinary approaches.     

One of many counting 
tools used by Loree 
Silvis with her students 
(see page 22).

http://www.synergylearning.org
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Exploring a “Wonder” about 
Multiplication

by Phyllis Whitin

Jonathan and his fourth-grade classmates 
were solving two-digit problems. One 

example was 34 x 3. Given the fact that 
3 x 4 = 4 x 3, Jonathan wondered if the 
product of 34 x 3 equals that of 33 x 4. For-
tunately, he raised his hand and shared aloud 
his “wonder.” Although the two products 
aren’t equal (34 x 3 = 102; 33 x 4 = 132), his 
idea initiated an investigation that gave the 
class valuable opportunities to try various 
problem-solving strategies, communicate 
their reasoning, reinforce understanding of 
factors and multiples, and strengthen positive 
mathematical attitudes and dispositions.

Getting started

This investigation occurred in January, and 
because the children had kept math journals 
since September, they were accustomed 
to writing and drawing about their math-
ematical thinking (Whitin, P. & Whitin, D., 
2000). They also had extensive experience 
using base ten blocks to show numerical 
relationships. 

To launch this investigation, I invited the 
class to use magnetic base blocks to con-
struct the two problems, 33 x 4 and 34 x 3, 
so we could study them together (Figure 
1). This representation clearly showed that 
the two products differed by 30, or 3 tens. 
However, as they looked at the block con-
fi gurations, several students realized that 
a modifi cation of the problem would yield 
equal products: 44 x 3 does equal 33 x 4! 
(Figure 2). Surprised at their discovery, I 
mused, “I wonder how we could fi gure out 
other pairs of problems with equal prod-
ucts?” Given their enthusiasm and the poten-
tial instructional benefi ts, I set aside a class 
period for further investigation.

Examining why 44 x 3 worked gave the 
children their fi rst hunches. Several children 
thought that solutions would always involve 
a “double” in each problem (e.g. 44, 33). 

Jake commented, “I was wondering if it had 
to be two doubles to get the same.” Abby 
noticed that 44 is an even number, while 
33 is odd. Adding to Jake’s idea, she said, 
“I think that it has to do with one even and 
one odd double.” Developing these and other 
ideas, orally sharing them, and recording 
them on the board gave all of the children 
a place to start, but as they worked, they 
developed new ideas. The following section 
describes several examples of the students’ 
reasoning and discoveries. 

A range of strategies to 
fi nd solutions

Jake stayed with his strategy of “doubles” 
as he devised his fi rst attempt. Although 
it didn’t work, trying it made him identify 
a necessary property of problems that did 
yield equal answers. He had noticed that in 
the 33 x 4 and 44 x 3 solution, 33 was “one 
double away” from 44, so he began with two 
other numbers that were only “one double 

Figure 1: Base ten block representations of 33 x 4 and 34 x 3. 
The shaded blocks show the difference of 30 between the two products. 

Figure 2: Rearranging the shaded base ten blocks in 33 x 4 to make 44 x 3. 
The products are the same (132).
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away” from each other, 22 and 11. He next 
created the two problems, 22 x 4 and 11 x 
5. However, as he calculated the products, 
he found that the last digits were differ-
ent (8 and 5). Now he knew an important 
property for his next attempt; he reasoned 
that he would need to fi nd two numbers 
that would yield the same fi nal digit. 

Next he chose 55 x 4 and 44 x 5, and 
the products were indeed equal, 220. He 
had effectively used a guess-and-check 
strategy, using the information that didn’t 
work in the initial attempt (unequal last 
digits) in order to generate a successful 
solution. His work also demonstrated a 
healthy attitude of persistence (NCTM, 
2000). He mused in his journal, “My won-
der was that if you could change some-
thing a little bit that would work.” 

Like Jake, Sophie’s fi rst attempt didn’t 
work, but she followed a different line 
of reasoning to modify her strategy. 
Sophie fi rst multiplied 22 x 4 and 24 x 2, 
examples similar to Jonathan’s original 
problems of 34 x 3 and 33 x 4. Also like 
Jonathan’s, the product of Sophie’s prob-
lems yielded an equal number of units 
(8), but a different number of tens. In her 
journal, she used highlighter to color the 

differing factors in the tens place, thus 
emphasizing the problematic attribute:

She studied the tens and realized that 
she needed to fi nd pairs of factors that 
would yield the same product. She knew 
that some composite numbers such as 
twelve have several factors (e.g. 6 x 2, 
4 x 3). She wrote 63 x 2 and 42 x 3 in her 
journal. (She reasoned that if 6 x 2 = 4 x 3, 
then 60 x 2 would equal 40 x 3). She com-
mented beside the problems, “I predict it 
will be the same.” She was delighted when 
she worked both problems and found that 
the products matched at 126. Like Jake, 
she used the clues suggested by a negative 
example in order to generate a positive 
outcome, thus showing persistence. She 
drew an arrow to her original problems 
of 22 x 3 and 24 x 2 and wrote, “I tried 
to make this work, but they would not 
become the same answer so I thought if 
I made 4 x 3 [tens] and 6 x 2 [tens] since 
they equal the same number so I thought 
if I did that they would become the same 
answer” (Figure 3). 

For Sophie, Jonathan’s challenge gave 
her the opportunity to connect previous 
experience with composite numbers to 
a new situation. Her personal strategy 
of highlighting the different factors sup-
ported her to create a systematic solution. 
Her example also proved that numbers 
other than “doubles” could be used to gen-
erate successful solutions. 

As Sophie’s example shows, various 
forms of representation accentuate certain 
patterns and relationships. For Abby, using 
base blocks supported her to make some 
interesting observations and connections. 
She was intrigued with the way the class 
had demonstrated the “missing” tens in 
Jonathan’s original problem by building an 
array with base blocks on the board. When 
she found that 33 x 5 and 55 x 3 “worked,” 
she built an array for 33 x 5 on her desk, 5 
rows of 3 tens each (150), and 5 rows of 3 
units (15), to make the total of 165 (Figure 
4). She then redistributed the blocks as 
shown by the shaded parts of Figure 4 to 
represent 55 x 3 (Figure 5). 

 24
x 2
 48

 22
x 4
 88

Figure 3: A page from Sophie’s math journal
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Figure 4:  Base ten block representation of 33 x 5. The shaded blocks 
can be rearranged to represent 55 x 3.

Figure 5: Base block representation of 55 x 3, showing the 
rearranged shaded blocks from 33 x 5. 

Rearranging the blocks 
reminded Abby of dealing 
cards, so she called the change 
the “dealing cards strategy.” 
She wrote, “You just have to 
deal it out like cards to make 
it the same.” This statement 
emphasized that in an array all 
rows (or columns) must be of 
equal length, just as in cards, 
where one must deal an equal 
number of cards to each player. 
Working with the blocks 
enabled Abby to see relationships between 
the products of 55 x 3 and 33 x 5, as well 
as how rectangles of differing lengths and 
widths can have the same area.

While most children found some posi-
tive examples, a few, like Hannah, found 
none at all. After numerous attempts, she 
wrote, “Wow. Maybe 33 and 44 are the 
only ones that work that way.” Follow-
ing the work period, the class gathered to 
share their various solutions and strate-
gies. Afterwards, Hannah added to her 
journal, “But I realized that maybe it 
wasn’t [the only way] when I listened to 

Jake. I’m not sad because Jake gave me 
important information. 55 x 4 and 44 x 5 
works.” Her comment showed that mathe-
maticians are also collaborators who share 
“important information” with one another.

After the class discussion, I decided 
that this “important information” could be 
shared with a wider audience. I suggested 
that a small group collaborate during writ-
er’s workshop to compose an informative 
hallway display to summarize our fi ndings. 
Abby, Sophie, and Caitlin volunteered 
(Figure 6). In order to make the poster, the 
girls reviewed the various strategies and 
explained them to each other. As they clari-
fi ed the language to use to compose effec-
tive informational writing, they reinforced 

their understanding of factors, 
multiples, and the operation of 
multiplication. The fi nished dis-
play raised the interest of chil-
dren and teachers; in fact, the 
girls participated in the district’s 
mathematics curriculum night. 
Jonathan’s “wonder” had taken 
us all on quite a journey. !

Phyllis Whitin, a former 
elementary school teacher, 
is currently an associate 
professor at Wayne State 
University in Detroit, Michi-
gan. She is particularly 
interested in inquiry-based 
learning and the integration 
of mathematics, science, and 
language. phyllis.whitin@
wayne.edu.

Figure 6: Sophie revised her journal entry to 
make this part of the poster.

Resources
National Council of Teachers of 

Mathematics. Principles and 
Standards of School Mathemat-
ics. Reston, VA: NCTM, 2000.

Whitin, Phyllis and David J. Whitin. 
Math Is Language Too: Talking 
and Writing in the Mathematics 
Classroom. Urbana, IL: National 
Council of Teachers of English, 
and Reston, VA: National Coun-
cil of Teachers of Mathematics, 
2000. 



PAGE 4 • Connect © SYNERGY LEARNING • 800-769-6199 • SEPTEMBER/OCTOBER 2008

A Visual Approach to Teaching 
and Learning Mathematics

by Grace Davila Coates

Students are asked to do so much with 
numbers! They are required to solve 

problems using numbers; become fl uent 
in computational skills; identify number 
patterns; gather data to create graphs 
with tiny to large numbers; and later, to 
solve equations using numbers and letters. 
Moreover, students are asked to commu-
nicate their understanding verbally and in 
writing (NCTM, 2000). These require-
ments have deep implications for students 
whose primary language is not English. 

Although many educators feel that 
mathematics is universal and that 2 + 2 = 4 
in any language, the communication stan-
dard challenges us all to fi nd a variety 
of ways to ensure that English Language 
Learners (ELLs) are participating at all 
levels in the mathematics classroom.

To increase both understanding and 
achievement in mathematics for ELLs it 
is important to provide mathematical and 
organizational representations as a regu-
lar component of instruction. Employing 
visual tools assists students in developing 
a deeper understanding about the math-
ematics at hand, provides opportunities 
for developing academic language, and 
increases brain activity and retention of 
information (Gerlic & Jausovic; Marzano, 
Norford, Paynter, Pickering, & Gaddy, 
2001).

Diagrams, graphic organizers, and 
advance organizers are examples of non-
linguistic representations that we can use 
to examine mathematical ideas as well as 
to develop academic language. In general, 
they are visual structures that help stu-
dents organize numbers, ideas, words, or 
other information (Mendieta, 2005).

The following activity is adapted from 
the FAMILY MATH book (Thompson, 
Stenmark, & Cossey 1986) [see review, 
page 20]. The adaptations made here are 
designed to create a structured dialogue 
between the teacher and students. The 

questions that follow are designed to allow 
students to participate in groups, pairs, or 
individually, as they determine how they 
will report their observations.

Number Line Rectangles challenges 
students to compare like characteristics, 
analyze patterns, and make predictions in 
the absence of visual cues. It also provides 
opportunities for students to engage in 
discourse that melds social, academic, and 
content language.

NUMBER LINE RECTANGLES

Mathematics: Prime numbers
 Composite numbers
 Square numbers
 Multiplication
Time: 45 minutes
Management: Student groups of 4 or 5
Student jobs: Timekeeper
 (optional) Materials person 
 Facilitator
 Reporter
Materials
•  Cash register tape or sentence strips in 

one color
•  Marking pens in at least two differing 

colors
• Masking tape 
• Clear tape (scotch tape)
•  Cuisenaire grid paper or large graph 

paper
• Scissors 

Preparation: 
1.  Write the numbers 1–35 in blue and 

36–45 in red (or any two differing col-
ors) on cash register tape. Leave room 
in between numbers 1, 2, 3, 4, 5, 
and so forth. Tape this on a wall.

2.  On strips of paper evenly distribute 
the numbers from 5–35 to the groups. 
For example, for 5 groups of students 
assign the numbers 5, 34, 7, 24, 8, and 
12 to one group. Assign a similar mix 
of numbers to another group until all 
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the numbers between 5–35 have been 
assigned.

3.  On Sentence Strips, write the following:
Prime numbers
Factors
Composite numbers
Products
Square numbers
Rectangles multiples

Getting started
Explain to the students that today they are 
going to discover something important 

about numbers. Let them know that you 
will start the investigation and they will 
continue it. Students will need to be pre-
pared to share the work, share their ideas, 
and they will also report their fi ndings.

Model for students:

Cut out some rectangles of different sizes 
(use small numbers such as 2 by 4, 3 by 3, 
or 2 by 3. Make sure that students under-
stand that a rectangle is a four-sided fi gure 
with all its angles being right angles, and 
opposite sides are parallel to each other. 

Create some non-examples and ask the students if these are rectangles:

Yes Yes Yes

No No No

Remember, only rectangles can be placed above or below the number line. 
If only one (1) rectangle can be created for any number, it gets placed above that number.

First cut one (1 by 1) square of graph paper and place it just before the number 1 on the 
number line. 

 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13 . . .

Next, cut a 1 by 2 rectangle and place it above the number 2 as shown below.  
This rectangle follows the rule for the rectangles that will be placed above the number 
line. That is, it only has one and itself as factors. 1 x 2 = 2. 

 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13 . . .
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Place the rectangle for the number 3 above that number. Ask, “Why does it go above the 
number line and not below?”  (It has 1 and itself as factors.)

 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13 . . .

In the fi nal model place the rectangles for 4 beneath that number and ask the students, 
“Why is it placed below the number line and not above it?” (It has more than two factors, 
1, 2, and 4)

 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13 . . .

Ask students if they have any questions, and have them cut out their assigned rectangles 
and place them on the number line.

After students have fi nished placing the rectangles on the number line, place the sentence 
strip with the words Prime Numbers above the number line and the sentence strip with 
the words Composite Numbers below the number line.

 1,* 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13 . . .

Prime Numbers

Composite Numbers

Square Numbers
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In their groups, have the students talk 
about things that they notice about the 
number line rectangles.  

On chart paper, ask students to write 
down at least three things they notice 
about the number line, the rectangles, and 
any patterns they may notice. Write their 
ideas on a chart. Begin with: 

We notice that . . .

We see that . . .

We agree that . . .

A question we have about 
number ____ is  “___________?” 

Additional questions/content 
to explore

These are questions we can ask if the stu-
dents do not bring them up when they are 
telling the class what they notice about the 
number line.

 1. Which numbers have only 1 rectangle 
(primes or composites)?

 2. Which numbers have only 2 factors? 
(another way to describe primes)

 3. Which numbers have more than 2 fac-
tors? (composite numbers)

 4. Which rectangles have a strip 2 
squares wide (one dimension is 2)? 
(multiples of 2) Which rectangles 
have a strip 3 squares wide (one 
dimension is 3)? (multiples of 3) Con-
tinue with multiples of other numbers.

 5. How many square units does a 4 by 9 
rectangle have? (multiplication link to 
area)

 6. What are the common factors of 24 
and 30?

 7. What is the fi rst number that has both 
6 and 7 as a factor? (common mul-
tiples)

 8. Do you see a pattern? Describe it.
Your questions . . .

Making predictions

Look at the remaining numbers (numbers 
36–45). What is the next prime number?

1. Is there a number that has more fac-
tors than the other numbers? Which 
one?

2. What is the next square number? Are 
there others?

3.  What about the number 1? (One is 
neither a prime nor a composite num-
ber)

4. What questions do you have about 
this number line?

For a similar version of these instruc-
tions, see instructions in the FAMILY 
MATH book, page 115. 

Using the model as a visual scaffold for 
new ideas, connections, or learning assists 
ELLs in making connections to prior 
knowledge and helps them remember the 
related vocabulary.

There are a variety of ways to pur-
posefully adopt effective strategies for 
teaching mathematics. Implementing the 
recommended strategies is more than just 
good teaching; they are essential to the 
education and mathematics achievement of 
ELLs. I hope you are inspired to purpose-
fully adopt effective visual learning strate-
gies in your mathematics classroom. !

Resources
Marzano, Robert J., Jennifer S. Norford, Diane 

E. Paynter, Debra J. Pickering, and Barbara B. 
Gaddy, eds. Handbook for Classroom Instruc-
tion that Works. Alexandria, VA: Association for 
Supervision and Curriculum Development, 2001.

Mendieta Jr., Guillermo. Pictorial Mathematics: 
An Engaging Visual Approach to the Teaching 
and Learning of Mathematics. Etiwanda, CA: 
Meaningful Learning, 2005.

Mathematics Learning Study Committee, Center 
for Education, Division of Behavioral and Social 
Sciences and Education. Adding It Up: Helping 
Children Learn Mathematics. Jeremy Kilpatrick, 
Jane Swafford, and Bradford Findell, eds. Wash-
ington, DC: National Academy Press, 2001.

National Council of Teachers of Mathematics. 
Principals and Standards for School Mathemat-
ics. Reston, VA: NCTM, 2000.

Stenmark, J. K., Virginia Thompson, and Ruth 
Cossey. FAMILY MATH. Berkeley, CA: Regents, 
University of California, 1986.

Grace Coates is the 
Director of FAMILY 
MATH at the Lawrence 
Hall of Science at the 
University of California. 
She is the primary author 
of FAMILY MATH for 
Young Children and 
FAMILY MATH II, and 
co-author of English 
Language Learners in the 
Mathematics Classroom. 
gcoates@berkeley.edu
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Computational Fluency
Working with a Struggling Student 

by Susan Jo Russell and Ana Vaisenstein

One of the issues faced by students 
who are struggling in mathematics, 

and the teachers who are trying to support 
them, is the range and quality of tools they 
have in their mathematical toolbox. Imag-
ine a student who has already experienced 
a great deal of failure in mathematics con-
fronting a multidigit addition problem. She 
opens that mathematical toolbox, search-
ing for something that will help, and fi nds 
only two tools—an algorithm that she 
knows is supposed to work for addition, 
and a reliable standby, counting by draw-
ing tallies or using her fi ngers.

Both counting and algorithms can be 
powerful tools. Counting is the foundation 
of the arithmetic operations; understand-
ing how each number in the counting 
sequence is one greater than the preced-
ing number underlies much of elementary 
school mathematics. It is critical that stu-
dents understand the counting sequence 
and how it relates to quantity, but counting 
is not suffi cient for solving multidigit prob-
lems fl uently. Similarly, algorithms that 
can be applied to classes of problems are 

important mathematical tools. However, 
many struggling students learn a single 
algorithm, such as the carrying algorithm 
for addition, with little understanding. 
They may apply it correctly in some cases, 
but not in others; they may apply it in situ-
ations when they should be able to solve a 
problem mentally.

Consider Alondra, a fourth grader. At 
the beginning of her fourth-grade year, 
Alondra’s teacher described her this way: 

Alondra repeated third grade. Yet 
her math understanding and think-
ing did not benefi t from staying 
one more year in grade 3. Alondra 
doesn’t have confi dence in her capac-
ity to do math. She is still struggling 
with simple computations, relies on 
her fi ngers and counts on by ones 
for addition and back by ones for 
subtraction. She has trouble remem-
bering the number sequence in the 
hundreds and is very attached to the 
traditional algorithm, even for solv-
ing, for example, 100 + 80. 

Alondra, like many students who have 
diffi culties, does know something about 
computation. For example, she sees addi-
tion as the action of joining two quantities; 
she knows she can start with one of these 
quantities and count on the second in order 
to fi nd the sum. But she has not developed 
“operation sense;” that is, she appears to 
know little else about the behavior of addi-
tion. Alondra is like a carpenter who looks 
in her toolbox and fi nds a hammer, direc-
tions for building a chest of drawers, and 
nothing else. The hammer is extremely 
useful; so is the set of directions; but nei-
ther is enough. The carpenter needs more 
tools, a repertoire of understanding of how 
to use those tools, and knowledge about 
how to interpret and apply those direc-
tions.

Alondra is like a carpenter 
who looks in her toolbox and 
fi nds a hammer, directions 
for building a chest of 
drawers, and nothing else. 
Both are important tools, but 
insuffi cient for the job. She 
needs more tools and more 
knowledge to successfully 
tackle the problem.



www.synergylearning.org • SEPTEMBER/OCTOBER 2008 Connect • PAGE 9

Often the recommendation for students 
who are struggling in mathematics is for 
more practice. They are expected to work 
only on the lowest level of skills; reason-
ing about mathematics is considered to be 
beyond them. Another view is that devel-
oping operation sense may be the most 
important focus for students who struggle 
with mathematics.

The meaning of operations

In a project on early algebra, Foundations 
of Algebra in the Elementary and Middle 
Grades (http://www.terc.edu/work/954
.html), a group of teachers and staff have 
been focusing on how students learn 
about the properties and behaviors of 
the arithmetic operations and how this 
understanding supports computational 
fl uency. In particular, teachers have been 
following both students who struggle with 
mathematics in relation to their peers and 
students who can take on more advanced 
work than most of their peers. In this brief 
article, we’ll look at one example of this 
work with a student who has diffi culty in 
mathematics.

Lorraine, one of the teachers in the 
project, provides support for all of the 
students in grades 3 and 4 who are behind 
their peers in mathematics in an urban 
public school. Alondra is in a group of 
fourth graders that meets with Lorraine 
every day. 

During her initial work with this group 
in basic computation, Lorraine asked them 
to generate expressions equivalent to a 
certain number. Students often generated 
patterns, such as this one for 25:

20 + 5
19 + 6
18 + 7
17 + 8 . . .

Lorraine recognized that underlying 
this sequence of addition expressions is 
an important generalization about the way 
the operation of addition behaves. For each 
successive expression, the fi rst number is 
decreased by 1 and the second number is 
increased by 1. Because the same amount 

is added to one addend as is subtracted 
from another addend, the total quantity, 
the sum, remains the same. In fact, we 
could add and subtract any amount in this 
way to maintain the same sum. This gen-
eral idea can be expressed both in words 
and in symbolic notation:

If you add an amount to a number 
in an addition expression and sub-
tract the same amount from another 
number in the expression, the sum 
remains the same.

a + b = (a + x) + (b – x)

What Lorraine was most interested in 
for her students was to strengthen their 
understanding of the behavior of the oper-
ation of addition in order to support their 
shaky computation and their confi dence in 
approaching arithmetic. We might think 
that fourth graders would already have a 
solid concept of the operation of addition, 
but these students often grasped at poorly 
remembered procedures in order to solve 
problems. Lorraine believed that more 
explicit work on equivalent expressions in 
addition would help these students develop 
and apply operation sense.

Now let’s take a look at Alondra’s 
progress toward understanding and using 
equivalent addition expressions over the 
course of several months.

Alondra’s work

In a class session in December, Lorraine 
asked her fourth-grade group to decide 
whether this equation is true: 8 + 6 = 9 + 
5. She asked them not to do any addition, 
but to fi rst look at the equation and see 
what they noticed. Some of the students 
began to talk about how 9 is one more 
than 8 and 5 is one less than 6 and that, 
therefore, the two expressions are equal. 
When Lorraine asked how they could 
show their idea to a second grader, several 
students were able to model what is hap-
pening with the connecting cubes by start-
ing with towers of 8 and 6, moving one 
cube from the set of 6 to the set of 8, and 
ending up with towers of 9 and 5:

http://www.terc.edu/work/954.html
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8 + 6

9 + 5

The next day, students worked on the 
same kind of problem with 2-digit num-
bers. Alondra had been quiet during these 
discussions, even though these ideas had 
come up several times earlier in the year. 
As the students were considering the equa-
tion, 59 + 26 = 49 + 36, Lorraine asked 
Alondra what she was thinking. At fi rst, 
Alondra responded, “it can’t be the same.” 
Lorraine then asked her to use the cubes 
to determine whether the expressions are 
equivalent or not. Alondra built a model of 
59 + 26, but then did not know what to do. 
Another student, Malik, transformed her 
model into 49 + 36 by removing ten from 
the group of 59 cubes and adding it to the 
group of 26 cubes. Alondra then declared: 
“We added a 10 so this one came less and 
this one came more.” 

In subsequent weeks, Lorraine intro-
duced a story context to the class to help 
the students think about equivalency.  She 
asked them to imagine that she had two 
boxes of books. The fi rst box of books was 
heavier than the other.  In order to make 
the boxes easier to carry, she shifted some 
books from the heavy box to the lighter 
box.  Now there were fewer books in the 
fi rst box and more in the second, but the 

total number of books remained the same. 
During a class session in February, 

Alondra was working with Malik to solve 
the problem 395 + 268: 

T: Can 400 + 263 help us solve 
395 + 268? Try to look at the num-
bers carefully before you answer.

Malik: Yes, that problem is easier.

T: Can that problem help us solve 
395 + 268?

Alondra: Yeah!, we are taking . . . we 
are taking, hold on . . . well we are 
taking something from 268 and put-
ting it in 395.

T: So how much are you taking?

Malik: 5! To get to 400 from 395 is 
5 more!

Alondra [after counting on her fi n-
gers]: Yes, fi ve. So you take 5 from 
268.

Alondra then generated an idea for a 
story that she and Malik wrote: “There 
are 395 butterfl ies in one boxes in the 
other box there 268 then we put 5 to the 
395 box and that becomes 400. 268 box 
becomes 263.” During this period, Lor-
raine began to notice that, when prompted, 
Alondra could sometimes solve addition 
problems by coming up with an easier, 
equivalent problem.

In May, Lorraine was working 
explicitly with students about apply-
ing their understanding of equivalent 
addition expressions to solve prob-
lems that are diffi cult for them.  She 
asked students to fi nd an equivalent 
expression for 585 + 237, “so that 
you can solve it in your head.” Alon-
dra fi rst wrote the equivalent expres-
sion 605 + 217.  While many fourth 
graders would fi nd those numbers 
easy to add, Lorraine knew that it 
might still not be easy enough for 
Alondra to solve mentally.  Lorraine 
asked her if she could make it even 
easier, and Alondra then wrote the 
expression 600 + 222, which was 
easy for her to solve.

 Malik transformed 59 + 26 
into 49 + 36 by moving one 
group of ten.
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Three characteristics of 
Lorraine’s approach

1. Considering arithmetic expressions 
without computing

Because Lorraine wants students to 
focus on the relationship between the two 
expressions and not to be daunted by the 
numbers, she begins with addition expres-
sions, 8 + 6 and 9 + 5,  that are very acces-
sible to them. If they simply fi nd the sums 
of 8 + 6 and 9 + 5 separately, they will be 
able to declare that both are equivalent to 
14 and that, therefore, the two expressions 
are equal, but they may see nothing about 
the relationship between the two expres-
sions. Therefore, she asks them not to com-
pute, but to see what they can fi gure out by 
looking carefully at the equation.  In this 
way, she places emphasis on the behavior 
of addition in general, rather than on com-
puting a single answer to a single problem.

2. Using representations and story contexts 
to support students in visualizing the 
behavior of the operations

In the December lesson, Lorraine asks 
the students to represent what they have 
noticed, using connecting cubes. Malik’s 
movement of ten cubes from one quantity 
to the other provides an image of how the 
addends each change while the total num-
ber of cubes remains the same.

When Malik transforms Alondra’s 
model of 59 + 26 into 49 + 36, Alondra 
seems to begin to see what is happen-
ing, although she does not completely 
articulate the idea. Her statement, “this 
one came less and this one came more,” 
is promising; she is beginning to capture 
the idea that some amount is subtracted, 
then added back, so that the value of the 
entire quantity remains the same. Simi-
larly, in February, she says, “we are tak-
ing something from 268 and putting it in 
395.” Given her diffi culties with number 
facts, it may actually be easier for her to 
understand the general idea than to fi gure 
out the specifi c amount being added and 
subtracted.

Story contexts are key for Alondra in 

visualizing the behavior of an operation. 
In March, Lorraine wrote:

Creating contexts for the numbers 
seems to be a powerful tool for Alon-
dra. A couple of months ago when 
she was struggling with the concept 
of equality, I purposefully introduced 
a story about shifting books from a 
heavier box into a lighter one. From 
then on, she has consistently created 
stories to explain her thinking. The 
context seemed to have done more 
for her understanding than using 
cubes. Or is it that she had already 
developed some preliminary under-
standings using the cubes and the 
context allowed her to consider her 
ideas with greater clarity?

As a result of seeing a number of differ-
ent images, using representations and story 
contexts, students were able to fi nd those 
that carried the most meaning for them or, 
as Lorraine suggests, that build meaning 
across several different representations.

3. Being explicit in asking students to 
apply the ideas they develop about the 
operations to solve problems

As these lessons progressed through 
the year, Lorraine began to ask students to 
specifi cally consider how to use equivalent 
expressions to solve addition problems. 
She did not assume they could carry over 
these ideas into their work by themselves, 
but saw the need to make them aware 
that this new tool could fi t into their addi-
tion toolbox. Through specifi c lessons on 
applying the use of equivalent problems, 
she helped students learn how to use what 
they know about the behavior of addition 
when faced with a diffi cult computa-
tion. Lorraine was doing a great deal of 
other work with these students through-
out the year, focusing on other aspects of 
mathematics. But she kept returning to 
equivalent addition expressions, asking 
students to think through carefully just a 
few examples in each session. By asking 
students to explain, represent, and justify 
their ideas, she helped them to understand 
how to apply that understanding of equiva-
lent expressions to solve problems.
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In May, Alondra is not at the level of 
competence we wish for her. There are 
other students in her group who made 
greater gains. Yet the progress she has 
made is considerable. She came into fourth 
grade relying on her fi ngers to count. Now 
she is fi nding ways to solve multidigit 
addition problems. She understood addi-
tion as an operation that involves join-
ing sets, but now she knows even more 
about this operation: she knows—and can 
justify— that parts of these sets can be 
moved around without affecting the sum. 
After the May session, Alondra continued 
to solve multidigit problems by using sev-
eral steps of equivalent expressions, with-
out prompting from her teacher. Lorraine 
notes that Alondra was the student who 
had the most diffi culty accepting that even 
simple expressions were equivalent in the 
beginning of the year: “Even though she 
doesn’t admit it openly, I do see a sense of 
satisfaction when she solves problems by 
thinking about the value of the numbers.”

Alondra is an example of a student with 
serious diffi culties in mathematics. In 
working with her, Lorraine made a bold 
move. While she spent time working with 
Alondra on skills she doesn’t have, such 

as knowledge of addition facts, she did 
not see her lack of skills as a barrier to 
in-depth work on mathematical reasoning. 
Through this work, Alondra is developing 
ideas about, and images of, the operation 
of addition that lead both to accessible 
tools for solving problems and to greater 
self-confi dence about her own ability to 
enter problems that look diffi cult. !

Susan Jo Russell works on professional develop-
ment and student curriculum for grades K–8 at 
the Education Research Collaborative of TERC 
in Cambridge, Massachusetts. 

Ana Vaisenstein is a mathematics coach and 
teacher in the Boston Public Schools.

The work on which this article is based was 
undertaken as part of the project, Founda-
tions of Algebra in the Elementary and Middle 
Grades, funded in part by the National Science 
Foundation through grant no. ESI-0550176 to 
TERC. This work is being undertaken jointly 
by Susan Jo Russell at TERC, Deborah Schifter 
(Education Development Center), Virginia 
Bastable (SummerMath for Teachers, Mt. Holy-
oke College), and a group of elementary and 
middle grades teachers. Pseudonyms are used 
for the teacher and students in this article. Any 
opinions, fi ndings, conclusions, or recommen-
dations expressed here are those of the author 
and do not necessarily refl ect the views of the 
National Science Foundation.
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After being in the classroom for nearly 
four decades, including three years as 

a K–5 math staff developer, and twelve years 
as a district supervisor of math, I’ve had the 
opportunity to observe wonderful teachers 
deliver magical lessons. Today, however, 
many teachers are being asked to keep up 
with a dizzying array of recommendations 
and changes in education, math education 
in particular: local, state, and national stan-
dards; the mandates of NCLB; state assess-
ments; new recommendations from the 
National Council of Teachers of Mathematics 
(NCTM), the reports of the National Math-
ematics Advisory Panel, Achieve, Inc., and 
just about everywhere. Their sometimes con-
fl icting recommendations include directives 
such as: teach with more technology; become 
Web 2.0 compliant; use calculators less; use 
calculators more; go back to basics; focus on 
reform; math wars, etc.

Focus on a few important 
themes

In its heralded Curriculum Focal Points doc-
ument (2006), NCTM is calling for a reduc-
tion of topics at each grade level, particularly 
K–8. Textbooks will soon begin to refl ect this 
move toward Essential/Big Ideas, and the 
classroom teacher will once again be asked 
to adapt to the shifting sands. In this article, I 
will share with you one approach to develop-
ing a student-centered classroom activity that 
focuses on a few important themes in middle 
school mathematics. 

Let’s say you want your students to dis-
cover a relationship between odd numbers 
(1, 3, 5, 7, . . .) and perfect squares (1, 4, 9, 
16, . . .). In the traditional classroom, the 
teacher would defi ne relevant terms and state 
rules, providing examples. Students would 
then solve similar exercises for practice. 
Alternatively, in a mathematical investi-
gation, students, alone or in a team, are 

asked to collect and organize data, look for 
patterns, and attempt to deduce and state 
general rules. They will often be asked to 
explain their reasoning.

In the investigation below, students will 
look at the sequence 1, 3, 5, 7, 9, . . . of odd 
numbers (technically termed positive odd 
integers) and discover why their sums 
1, 1 + 3, 1 + 3 + 5, 1 + 3 + 5 + 7, . . . are all 
perfect squares. However, based on decades 
of experience in observing students, I fi rmly 
believe that the most important learning ben-
efi t from this type of activity comes from the 
process, the dialogue that takes place, and the 
expectation that students communicate their 
observations and conclusions in verbal and 
written form. These kinds of lessons expend 
the most precious commodity teachers 
have—time—but the effect can be profound.

Current learning research strongly sug-
gests the use of multiple representations 
when introducing a concept or demonstrat-
ing an idea in mathematics. The instructor 
should attempt to describe the concept in 
natural language (verbal representation), pro-
vide concrete numerical examples (numerical 
representation), illustrate the notion with dia-
grams or graphs (visual representation) and, 
fi nally, use symbolic form (algebraic). I made 
a conscious attempt to do this in virtually 
every lesson I taught and I modeled it for the 
teachers whom I supervised. I was not always 
successful but I believed the effort improved 
student comprehension. All of this is consis-
tent with the much ballyhooed theories of 
learning styles, multiple intelligences, and 
brain-based learning.

Note how all four of these representations 
are employed in the following activity.

Representing numbers

Since the time of the Greek mathematicians 
and possibly earlier, there has been a strong 
link between numbers and confi gurations of 
dots. Examples of these are the triangular 

An “Odd” Investigation for 
Middle School Students

by Dave Marain
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numbers, square numbers, pentagonal 
numbers, and other fi gurate numbers. 
In addition to defi nitions found at Wiki-
pedia and Wolfram’s MathWorld (http://
mathworld.wolfram.com/), an excellent 
link for younger students is: http://math
.youngzones.org/FigurateNumbers.html.

This investigation introduces students 
to an interesting relationship between odd 
numbers and perfect squares, utilizing 
visual diagrams, patterns, algebraic expres-
sions, and function notation. The visual 
pattern used in this activity for the sums of 
odds should be intriguing for students. 

1. This dot represents the fi rst positive odd 
integer, 1.

 ●

 Total number of dots = 1

2. These dots represent the fi rst two 
positive odd integers, 1 and 3:

  ● ●   ●●

 ●  ● ●  ●

 Total number of dots for the fi rst 2 
positive odd integers: 1 + 3 = 4

3. Draw a similar pattern of dots for the 
fi rst 3 positive odd  integers. Use three 
different  colors if possible (or shapes if 
markers are not available).

 ● ●    ●●  ●●

  ●  ●●  ●  ●●

  ● ● ●  ● ● ●

 Total number of dots for fi rst 3 positive 
odd integers: _________ 

4. Do the same for the fi rst 4, then the fi rst 
5 positive odd integers.

 ●   ●  ●●  ●●  ●●

  ●  ●●  ●  ●●  ●●

  ● ● ●● ● ●  ●●

 ● ● ● ● ● ● ● ●

Total number of dots for fi rst 4 positive odd 
integers: _________ 

Total number of dots for fi rst 5 positive odd 
integers: _________ 

5. Complete the following table without 
drawing any more patterns of dots

 Nth Pos Sum of N Pos
N Odd Integer Odd Integers

  S(N)

 1 1 S(1) = 1 = 12

 2 3 S(2) = 1 + 3 = 4 = 22

 3 5 S(3) = 1 + 3 + 5 = 9 = 32

 4 7 _______

 5 ______ _______

 . . . 

 up to 10

6. Based on the results of the last column 
and the diagrams you drew, answer the 
following questions without extending 
the table.

 (a) The sum of the fi rst 20 positive odd 
integers, or S(20),  =  ________.

 Explain your answer.

 (b) How would you best describe all of 
the numbers in the Sum column, S(N)?

 (c) In general, S(N) = _______ (an 
expression using N).

 (d) S(2) – S(1) = 3 and  S(3) – S(2) = 5. 
Without extending the table, what is  
S(20) – S(19)?  S(100) – S(99)?

 Note: There are at least two different 
ways of computing these. Can you and 
your partner fi nd them? Explain your 
answer.

 (e) Extension/Challenge: Write an 
expression using N for S(N) – S(N–1).

http://mathworld.wolfram.com/
http://math.youngzones.org/FigurateNumbers.html
http://mathworld.wolfram.com/
http://math.youngzones.org/FigurateNumbers.html
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Answers/Teacher’s Guide
 Note: Patterns of dots are not drawn here. The square confi guration for the sum of the fi rst N consecutive odd “numbers” 

has been around for centuries. Students always fi nd it fascinating! 

3. Total  = 9

4. Total for 4 odds = 16; 5 odds = 25

5. Sum of N Pos

Most students can more easily determine an expression for the Nth even positive integer, namely, 2N, then 
“back off” by 1, to obtain 2N – 1 for the corresponding odd integer.

Also, remind students why we are using phrases like “positive odd integer” or “positive even integer” as 
opposed to “odd number” or “even number.”  Students often overlook that . . . , –5, –3, –1 are also odd and
that . . .  –4, –2, 0 are even!

 Nth Pos Sum of N Pos
N Odd Integer Odd Integers

  S(N)

 4 7 1 + 3 + 5 + 7 = 16 = 42

 5 9 25 =  52

  6 11 36 = 62

  7 13 49 = 72

  8 15 64 = 82

  9 17 81 = 92

  10 19 100 = 102

Comments: The instructor should require 
that students write out the details in 
the last column, particularly the square 
notation, which is the central theme of this 
investigation. If students run out of room for 
the indicated sum (1 + 3 + 5 + . . . ), they can 
skip that step at some point.

6. (a)  S(20) = 400 = 202 (the symbolic explanation)

 Explanation in words: The 20th sum is the square of 20. 

 (b) Suggested Answers: The numbers in the S(N) column are perfect squares or they are the squares of the numbers in 
the N column.

 (c)  S(N) = N2 

 (d)  S(20) – S(19) = 39, S(100) – S(99) = 199

Explanations:
(i) S(20) – S(19) = 202 – 192 = 400 – 361 = 39; S(100) – S(99) = 10000 – 9801 = 199

(ii) S(20) – S(19) = 39, the 20th odd number

S(100) – S(99) = 199, the 100th odd number

Comments: Explanation (ii) is more sophisticated but some students may think this way. 

 (e) S(N) – S(N-1) = 2N – 1

  Nth Pos Nth Positive
 N Even Integer Odd Integer

 1 2 1 = 2 – 1
 2 4 3 = 4 – 1
 3 6 5 = 6 – 1
 ...

Comments: Part (e) is more algebraic in nature and is 
intended for the more advanced students. However, if 
students recognize that the difference is the Nth odd number 
that would be fi ne as well.  One way to help them “see” the 
expression 2N – 1 is to ask them to fi nd an expression for the 
Nth even number fi rst (using a table is a good idea here):

Odd numbers, perfect squares

Finally, a central theme in this investigation is the 
intimate relationship between odd numbers and 
perfect squares. These can be summarized as:

(1) The sum of the fi rst N consecutive posi-
tive odd integers is a perfect square, represented 
algebraically as N2.

(2) The difference between consecutive per-
fect squares is an odd number.

I encourage instructors to state this explicitly 
when summarizing the activity. !

Dave Marain is a recently retired math educator and 
supervisor of mathematics living in New Jersey. He is 
the author of the blog “Math Notations” (see review on 
page 21 of this issue). He has thirty years of experience 
as an Advanced Placement Calculus (BC) teacher and 
and for many years was the author of Math Teachers 
of New Jersey Annual High School Math Contest. He is 
currently a mathematics consultant.
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Bring the 

Past to Life 

with the 

Census

by 

B O B  C O U LT E R 

Our efforts to engage students in math-
ematics can often fl ounder for lack of mean-
ing. Math teachers everywhere face the 
universal refrain of, “When are we ever 
going to use this?” Frequently, this ques-
tion gets a reply suggesting future career 
uses or skills for basic living like balancing 
a budget or making a purchasing choice at 
the supermarket. While these responses are 
well-intended and at least partially useful, we 
need to be sure that we are providing enough 
opportunities for students to experience the 
power of mathematics to understand issues 
that are important or interesting to them now.

One project we are doing in our “Local 
Investigations of Natural Science” after-
school program is to use historic census 
data to understand how the community has 
changed over time. The U.S. Census Bureau 
completes a census of the population every 
ten years, and this data is available in sum-
mary statistics at http://factfi nder.census
.gov that describe your community. This lets 
you investigate demographic variables like 
the racial and economic composition of your 
community, and through comparison with 
national data, understand how your commu-
nity is like and unlike the rest of the nation. 

Data, both new and old
With a little extra effort, you can personal-
ize the study by having students look at the 

data for specifi c individuals and families 
who used to live in your community. By law, 
individual responses to Census question-
naires are kept private for seventy years, so 
the most recent data that is available to the 
public comes from the 1930 Census. With 
this data you can see who lived at a specifi c 
address in 1930, along with a variety of 
demographic factors such as their age, job, 
rent or house value, and where their parents 
came from. This data is available from the 
Census Bureau and a variety of state and 
local agencies, but the most effi cient way to 
obtain this data may be through http://www
.ancestry.com, which offers a two-week trial 
period and then a variety of subscription 
options. (Be advised, however, that when you 
register, the site requests your credit card 
number which will be billed automatically, 
roughly $200.00, if you do not cancel your 
trial membership before the deadline.)

Looking at local history through the 
people who lived it is a very engaging hook 
for kids. By adding Census data that sheds 
light on these people, you can open a fas-
cinating study in your classroom. Imagine 
your students’ thrill in fi nding out who lived 
in their town or on their block (or even in 
their house!) almost eighty years ago. The 
examples provided here are just a starting 
point for looking to the past to yield relevant 
math material. You can expand on these to 

Technology for Learning

http://factfinder.census.gov
http://www.ancestry.com
http://www.ancestry.com
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meet your students’ interests and needs, 
and your curriculum mandates. Through-
out, you can also vary the data tools to 
fi t your students’ skill levels and what is 
available at your school. 

Perhaps the most basic study you can 
undertake would be to compare fam-
ily size then and now. Your students can 
conduct surveys in the community and 
compare modern data with the 1930 data. 
As they do this, they will be performing a 
variety of arithmetic operations to compile 
their data, and then building data analysis 
skills as they compare and contrast the 
community as it is today with the past. 
Your students will also be confronted with 
issues that make it hard to make valid 
comparisons. For example, you will inevi-
tably have some students whose parents 
have joint custody. How can those students 
not be double-counted? More generally, 
how can your students collect data on cur-
rent family size that isn’t biased? If they 
only ask classmates, they will miss all of 
the families without children, and end up 
with an average family size that is too high. 
You can challenge your students to come 
up with a way to be sure they are making 
a fair comparison. If the surveying is too 
cumbersome, current family size data for 
your community is available at the “Fact-
fi nder” Census Web site listed on p. 16.

Places of birth
A second study that is likely to be inter-
esting is to use the 1930 data on parents’ 
place of birth. This data can be compared 
to data for your students’ parents, with 
any differences compared and analyzed. 
As before, the students will be building 
arithmetic and data analysis skills in col-
lecting, collating, and displaying their 
data. If your region has seen a great deal 
of demographic change, you will likely 
have different countries of origin now 
than in the past. For example, several of 
the neighborhoods we are working in for 
the after-school program are now almost 
exclusively African-American, but up until 
about 40 years ago they were all Caucasian 
and largely Jewish. As a result, the historic 
1930 data shows a good number of parents 
born in various eastern European coun-
tries, while the modern data shows that the 

vast majority of parents were born in the 
United States.  

Rent or housing costs
A third mathematically rich study, though 
perhaps a bit abstract for younger stu-
dents, is to compare the rents and housing 
costs then and now. Through newspaper 
research or looking at local records (if they 
are available), students can see how much 
these costs have changed. Even restricting 
the investigation to the historic data can 
be interesting if there are sections of town 
today that are widely different in their hous-
ing costs. Was this pattern true in the past? 
Again, mathematics helps to answer ques-
tions and to show students how useful math 
can be in understanding the world. 

Across these investigations and many 
others, students will be able to develop 
mathematical skills including increased 
competence in the use of basic arithmetic, 
improved number sense, and use of data 
analysis tools such as measures of central 
tendency (mean, median, and mode) and 
graphic representations. Broader concerns 
in students’ mathematical development 
including the development of proportional 
reasoning and seeing links between math 
and other disciplines are also supported. 
Your students can gain experience using a 
range of technology tools including use of 
online databases and organizing informa-
tion in tables and graphs. Taken together, 
you have a rich learning experience that 
taps kids’ natural curiosity about the local 
past as it builds skills for their future. 

Bob Coulter is the direc-
tor of Mapping the Envi-
ronment, a program at 
the Missouri Botanical 
Garden’s Litzsinger Road 
Ecology Center that sup-
ports teachers’ efforts to 
enhance their science cur-
riculum through use of the 
Internet and Geographic 
Information Systems 
(GIS) software. Previ-
ously, Bob taught elemen-
tary grades for 12 years. 
bob.coulter@mobot.org

Students can use the 
online Census data 
from seventy years ago 
and learn who lived in 
their town, or even their 
houses, at the time of the 
1930 Census.
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Literature Links
Fraction Action, by Loreen Leedy 

(Holiday House, 1994), is a playful and 
engaging introduction to fractions. In fi ve 
mini-chapters, “Miss Prime” teaches her 
class of fi ve students about what fractions 
are, how to use them, and how to add and 
subtract them. This picture book, appropri-
ate for young elementary students, has fun 
illustrations and is structured like a comic 
book. Lots of clear, real-life examples are 
given. Loreen Leedy has written many sci-
ence and math books for children.

Math Detectives: Finding Fun in Num-
bers, by Lalie Harcourt and Ricki Wortzman 
(Sterling Publishing, 2002), is a wonderful 
collection of math activities for children ages 
fi ve through twelve. The activities, puzzles, 
and challenges are great because they use 
everyday objects or tools (e.g., scissors, 
calculator, newspaper, buttons) to engage 
in simple investigations that can lead to 
big ideas. Dice games, card tricks, games, 
riddles, and challenges (“Can you walk 
through a piece of paper?”) are included in 
this collection of twenty explorations.

Equal Schmequal, by Virginia Kroll 
(Charlesbridge, 2005), is a story about 
woodland animals hoping to have a tug of 
war like they’ve seen humans have. They are 
having trouble fi guring out how to make the 
teams even, though. How should they divide 

themselves? Plant-
eaters vs. meat-eaters? 
Eventually they have 
a fi ne game, but in 
the meantime, read-
ers learn about some 
of the habits and pat-
terns of the animals 
(rabbit, turtle, mouse, 
bear, bobcat, deer), 
explore math con-
cepts like number vs. 
mass, and see a group 
of characters try and 

try again until they achieve their desired 
result. Watercolor illustrations by Philomena 
O’Neill add humor and sweetness to this 
clever and well-told story.

Amanda Bean’s Amazing Dream, by 
Cindy Neuschwander (Scholastic Press, 
1998), is a Marilyn Burns Brainy Day Book. 
Amanda Bean is learning about the differ-
ence between counting things and memo-
rizing the multiplication facts. She tries to 
count sheep in order to fall asleep, but she 
loves counting so much that in the morning 
she has counted 6,727 sheep and gotten little 
rest. She dreams the next night of sheep on 
bicycles, and has occasion to count all kinds 
of groups of things, and high motivation 
to do it quickly (and learn the multiplica-
tion facts in order to save time). It might 
be interesting to do projects or read stories 
with your students that actually use multi-
plication: cooking, knitting, carpentry, etc. 
Illustrations by Liza Woodruff are lively, but 
sometimes confusing to look at due to incon-
sistencies in her use of perspective.

A Million Fish . . . More or Less, by Patri-
cia C. McKissack (Alfred A. Knopf, 1992), 
is a richly-told-story of Hugh Thomas, a boy 
on the bayou. Some “ol’ swampers” fi ll his 
head with tall tales—a fi ve-hundred-pound 
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turkey, a three-hundred-year-old lantern 
(still burning, of course) and the biggest, 
meanest cottonmouth. After they part com-
pany, Hugh Thomas begins his own adven-
tures. When he sees the men later and tells 
them about the million fi sh he caught, it’s 
their turn to ask whether it’s true. “More 
or less,” he responds, echoing their own 
earlier reply. This story conveys the fl avor 
of a place and time through language and 
images, and would be a great addition to a 
study of the bayou regions. It also touches 
on oral folk traditions, concepts of more 
than, less than, estimation, and the inter-
dependent creatures in a specifi c ecosys-
tem. This is a good story for six- through 
twelve-year-olds. 

Domino Addition, by Lynette Long 
(Charlesbridge, 1996), is a bold and simple 
book emphasizing subitization (the abil-
ity to recognize numerical values by sight 
and patterning rather than by counting 
individual objects), and addition of whole 
numbers 0 through 12. The illustrations 
are all comprised of dominoes, showing 
different sums for each number. One criti-
cism of this book is that because it makes 
use of dominoes 1 through 6, it does not 
include all the addends for numbers over 6; 
for example, the only addends for 9 are 3, 
4, 5, and 6. Still, it is a good introduction 
to addition and to dominoes. Certainly this 
could be used with kindergarten through 
second graders as an initial investigation. 

Later, one could incorporate double-12 
dominos or even double-18’s.

More than One, by Miriam Schlein 
(Greenwillow Books, 1996), is a clever 
book that examines the times when we 
mean more than one thing when we say 
“one.” There can be one pair of shoes or 
socks, one week made up of seven days, 
one dozen eggs, etc. The simple text is very 
engaging and can lead to productive con-
versations about how we use numbers and 
words. Young children, ages fi ve through 
nine, will appreciate the concept and humor 
in the questions. This book could serve as 
a good starting point for surveys of items at 
home that come in groups of more than one.

Feast for Ten, by Cathryn Falwell 
(Clarion, 1993), is a picture book that relates 
a family’s trip to the grocery store and 
preparation for a big dinner. Five children 
and their mother shop for, “. . . fi ve kinds of 
beans; six bunches of greens,” etc., mak-
ing their way through numbers one through 
twelve. These numbers are again counted 
and represented when the whole family 
helps in cooking and serving dinner. The 
remarkable illustrations are made of cut 
paper and fabric in simple, bold collages. 
The illustrations convey a warmth and affec-
tion of family members working together 
and enjoying each other’s company. Chil-
dren fi ve through eight will enjoy this book.



PAGE 20 • Connect © SYNERGY LEARNING • 800-769-6199 • SEPTEMBER/OCTOBER 2008

Resource Reviews
FAMILY MATH, an excellent series from 

EQUALS Lawrence Hall of Science, strives 
to make connections between schools, 
families, and communities. Well-described, 
age-appropriate, fun activities address a 

large spectrum of math 
concepts and skills that 
can be explored by chil-
dren and peers, children 
and families, or children 
and teachers. These books 
are part of the FAMILY 
MATH programs for pre-
K through ninth graders. 
The fi rst was published 
over twenty years ago and 
the latest one, focusing 
on middle school, was 
published in 2005. For 
an article by one of the 
authors of these books, see 
page 4 of this issue.

FAMILY MATH, Matemática para 
la Familia, FAMILY MATH II (Grades 
K–6), FAMILY MATH for Young Children 
(Grades pre-K–3), FAMILY MATH: The 
Middle School Years (Grades 5–8), and 
The Journey through Middle School Math. 
EQUALS Publications. Approx. 280 pages 
each. Approx. $20.00 each. 800-897-5036. 
http://www.lawrencehallofscience
.org/equals. 

Math in the Garden, 
by National Gardening 
Association, is an excellent 
resource that beautifully 
integrates biology and gar-
dening with key math con-
cepts. Some of the many 
math topics addressed are 
data collection, geometry, 
symmetry, sorting and 
classifying, communica-
tion, and basic operations. 
Activities for students from 
kindergarten to eighth 
grade are described clearly 

and use basic, everyday objects as mate-
rials. Many important science concepts are 
addressed in these lessons as well, making 
this an impressive collection of useful and 
worthwhile explorations. At a time when 
many schools are incorporating gardens as 
part of a school-wide curriculum, this guide 
is not to be missed.

Math in the Garden. National Gardening 
Association, 2006. 160 pages. $29.95. 800-
538-7476. http://www.gardeningwithkids.org. 

Big Ideas for Growing Mathematicians, 
by Ann Kajander, contains twenty activi-
ties for students ages ten through fourteen. 
Drawing from a variety of materials and 
topics, these wide-ranging activities include 
explorations in numeracy, fractions, tessela-
tions, geometry, probability, and algebra. 
First, each activity begins with a discussion 
of “big ideas” to help children place math 
concepts into everyday life and understand 
their relevance. Then materials and proce-
dures are listed, with suggestions for exten-
sions and connections to the Web. Some 
of the activities require additional research 
by the reader; for instance, the section on 
fractals is missing an image and the bulk of 
instruction comes from suggested Web sites. 
Written directly to the student and using 
simple materials, this is a good guide for the 
classroom or to use independently. 

Big Ideas for Growing Mathematicians. 
Zephyr Press, 2007. 109 pages. $19.95. 800-
232-2187. http://www.zephyrpress.com. 

Contexts for Learning Mathematics, a 
series by Catherine Twomey Fosnot and col-
leagues (from Mathematics in the City and 
the Freudenthal Institute), includes Investigat-
ing Number Sense, Addition, and Subtraction 
(grades K–3); Multiplication and Division 
(grades 3–5); and Fractions, Decimals, and 
Percents (grades 4–6). Each series is com-
prised of an overview book, eight unit books, 
eight read-aloud books, and three yearlong 
resource guides. The overview book includes 
philosophy, outlines the contents of the unit, 

http://www.lawrencehallofscience
http://www.gardeningwithkids.org
http://www.zephyrpress.com
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and fractions, decimals and 
percents. Over thirty blackline 
masters follow the text.  

Good Questions for Math 
Teaching: Why Ask Them 
and What to Ask, Grades 
5–8. Math Solutions Publica-
tions, 2005. 208 pages. $18.95. 
877-664-2230. http://www
.mathsolutions.com. 

24 Game is an outstand-
ing card game that challenges 
players to use a set of four 
numbers and any operations 
to come up with a total of 24. 
This game was invented twenty years ago 
and is now also available to play online. Sets 
range from beginner (adding and subtract-
ing) to advanced (algebra/exponents). 

24 Game. Suntex International Inc. 
$10.95-$21.95. 800-242-4542. http://www
.24game.com.

http://mathforum.org/dr.math/ is the 
site for “Ask Doctor Math” at Drexell Uni-
versity’s Math Forum. Choose to read FAQs; 
browse the archives by formulas, answers, 
or grade levels (K–beyond college); receive 
immediate tutoring help; or ask Dr. Math 
your own question. This is a great site for 
students and teachers. 

http://www.educationalrap.com is the 
site for Rhythm, Rhyme, Results in Cam-
bridge, Massachusetts. They are a network 
of artists and educators, developing rap 
songs in topics of language arts, social stud-
ies, science, economics and math. Recent 
math titles include “How Do I Work with 
Fractions” and “Inversion.” Tune clips are 
also downloadable from iTunes. 

http://mathnotations.blogspot.com/ is the 
weblog of Dave Marain (see his article on page 
13 of this issue). This blog is so packed with 
information, games, links, puzzles, and fac-
toids that teachers can use immediately, it is 
hard to accurately describe it in just a few sen-
tences. You really must visit it to understand 
how comprehensive and informative it is.

and suggests how to dovetail this unit with 
your existing curriculum. The unit books 
each contain a two-week sequence of games 
and mini-lessons that address the essential 
ideas of the unit. The read-alouds are picture-
books written specifi cally to show children in 
age-appropriate situations solving real-world 
problems related to the unit. The resource 
guide contains games and mini-lessons for 
extending the unit to early and advanced 
learners. This is an outstanding resource 
for the elementary teacher: well-written, 
extensively fi eld-tested, and thoroughly 
documented. It is typical of the high-caliber 
materials we have grown to expect from 
Mathematics in the City.

Contexts for Learning Mathematics. 
Heinemann, 2008. $159.00–$198.00. http://
contextsforlearning.com. 

Good Questions for Math Teaching: 
Why Ask Them and What to Ask, Grades 
5–8, by Lainie Schuster and Nancy Cana-
van Anderson, is the companion book to 
the book of the same title for grades K–3 by 
Peter Sullivan and Pat Lilburn. Good ques-
tions are open-ended and reveal both what 
students know and what misconceptions 
they might have. There are three sections 
in this book. Section one examines types of 
questions; section two explains how to use 
the book; section three looks at questions to 
use in the classroom. In this book the ques-
tions are arranged into seven strands includ-
ing topics such as number relationships; 
multiplication and proportional reasoning; 

http://www.mathsolutions.com
http://www.24game.com
http://mathforum.org/dr.math/
http://www.educationalrap.com
http://mathnotations.blogspot.com/
http://contextsforlearning.com
http://www.mathsolutions.com
http://www.24game.com
http://contextsforlearning.com
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Developing Relational 
Thinking

The Game that Makes a Difference

by Loree Silvis

Discovering and exploring relation-
ships is at the heart of understanding 

and making sense of mathematics. With 
increasing focus on the development of alge-
braic reasoning, The National Mathematics 
Advisory Panel recently released a report, 
Foundations for Success (2008), stating that 
fl uency with whole numbers and compu-
tational facility are critical foundations in 
building algebraic competencies. The Panel 
additionally identifi ed a benchmark where, 
“By the end of Grade 3, students should be 
profi cient with the addition and subtraction 
of whole numbers.” While there is no doubt 
that fl uency with the basic facts is important 
for developing mathematical profi ciency, 
how fl uency is achieved is an ongoing debate 
among educators. With continuing pressure 
from high stakes tests and from parents, 
school districts and teachers are faced with 
a dilemma on how best to meet the expecta-
tions of computational fl uency of the basic 
facts while maintaining best practices in 
how children learn.

Exploring relationships can lead to a deep 
and robust sense of number, fl exibility with 
strategy use, and computational fl uency. I 
recently had the opportunity to explore rela-
tionships involving groupings of 5 and 10 
in the numbers from 1 to 20 with a group of 
fi rst graders while conducting research for a 
course I was developing. One morning while 
I was observing students playing a game, a 
boy announced that he had discovered two 
strategies for fi nding the sum of 5 and 9: 

I can solve this two ways. If the 9 was 
a 10, it would be 15, because I know 
that 10 and 5 is 15, but it’s a 9, so the 
answer if 14. Or, I can think about the 
5 in 9. 5 and 5 is 10, and 4 more from 
the 9 would make 14! Now, I have two 
ways to solve the problem!

This student was discovering relationships 
and used what he knew about the impor-
tant landmarks of 5 and 10 in our number 

system. He used  combinations of 10, related 
new facts to known facts, and he quickly 
decomposed 9 into 5 and 4. These are the 
types of relationships that will lead to com-
putational fl uency and eventually to alge-
braic reasoning.

Which relationships are important for all 
students to discover and explore? And what 
types of activities can provide opportunities 
to explore these relationships? This article 
explores answers to both of these questions.

Important benchmark 
groupings

The Number Framework (2007), which 
was developed as part of New Zealand’s 
Numeracy Professional Development Proj-
ects, provides teachers with a continuum of 
the important benchmarks achieved while 
developing number sense. A portion of this 
framework appears in Figure 1 and outlines 
important landmark numbers and groupings 
that exist within our base ten system. These 
groupings provide a structure for explor-
ing part/whole relationships between num-
bers and number combinations. With these 
landmarks in mind, teachers can provide 
supports, activities, and games to facilitate 
explorations of numeric relationships.

Using physical models

Most of the fi rst graders during this six-week 
project moved from using counting strategies 
to using relational thinking when solving 
problems. They used physical models such 
as bead sticks, fi ngers, and ten frames to 
build foundational understanding of group-
ings. These models were manipulated to rep-
resent numbers from 1 to 10. Figure 2 shows 
examples of these models representing the 
value of 7.
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GROUPING/PLACE VALUE

The student instantly recognizes:

• Patterns to 5, including fi nger patterns.

The student knows:

• Groupings within 5, e.g., 2 and 3, 4 and 1;
• Groupings with 5, e.g., 5 and 1, 5 and 2, . . .;
• Groupings within 10, e.g., 5 and 5, 4 and 6, . . . etc;

The student instantly recognizes:

• Patterns to 10 (doubles and 5-based), including fi nger patterns.

The student knows:

• Groupings with 10, e.g., 10 and 2, 10 and 3, . . . and the pattern of “-teens”;
• Groupings within 20, e.g., 12 and 8, 6 and 14;
• The number of tens in decades, e.g., tens in 40, in 60.

The student knows:

• Groupings within 100, e.g., 49 and 51 (particularly multiples of 5, e.g., 25 and 75);
• Groupings of two that are in numbers to 20, e.g., 8 groups of 2 in 17;
• Groupings of fi ve in numbers to 50, e.g., 9 groups of 5 in 47;
• Groupings of ten that can be made from a three-digit number, e.g., tens in 763 is 76;
• The number of hundreds in centuries and thousands, e.g., hundreds in 800 is 8 and in 

4,000 is 40.

The student rounds: 

• Three-digit whole numbers to the nearest 10 or 100 e.g., 561 rounded to the nearest 10 
is 560 and to the nearest 100 is 600.

The student knows:

• Groupings within 1,000, e.g., 240 and 760, 498 and 502, etc.;
• Groupings of two, three, fi ve, and ten that are in numbers to 100 and fi nds the resulting 

remainders, e.g., threes in 17 is 5 with 2 remainder, fi ves in 48 is 9 with 3 remainder.
• Groupings of 10 and 100 that can be made from a four-digit number, e.g., tens in 4,562 

is 456 with 2 remainder, hundreds in 7,894 is 78 with 94 remainder.
• Tenths and hundredths in decimals to two places, e.g. tenths in 7.2 is 72, hundredths in 

2.84 is 284.

The student rounds:

• Whole numbers to the nearest 10, 100, or 1,000.
• Decimals with up to two decimal places to the nearest whole number, e.g., rounds 6.49 

to 6, rounds 19.91 to 20.

The structure of these models provided 
visual support for identifying the groupings 
of 5 and 10. Students could easily see how 
5 beads could be split into 2 and 3 beads, or 
1 and 4 as well as their reverse. They could 
also see that 7 beads were made up of 5 and 
2 beads, and that 7 and 3 beads made 10 in 
all. The same relationships can be discovered 
when using fi ngers and ten frames. Once an 
understanding of the structure of the models 
was achieved, students participated in vari-
ous activities which provided opportunities 
to become fl uent in recognizing patterns and 

discovering the relationships between the 
various models. “Quick Images,” an activity 
used in Investigations in Number, Data, and 
Space (1998) which involves fl ashing a visual 
model of number (ten frames, fi ngers, beads 
on a stick) for a brief second, was one such 
activity. Quick Images provided an opportu-
nity for students to develop a visual image of 
number while providing opportunities to subi-
tize (instantly recognize the quantity), and to 
build fl uency with part/whole relations.

Another activity involved students’ roll-
ing dice and representing the value rolled 

Figure 1. Grouping/
Place Value portion of 
the New Zealand 
Number Framework, 
2007
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on one of the models. This activity can be 
differentiated easily by the type of model 
and dice used. Bead sticks can be designed 
with 10 or 20 beads in alternating colors 
grouped by fi ves. Students can represent 
the value of a decahedron die (0–9), an 
icosahedron die (1–20), or the sum of two 
decahedron dice. Other structured models 
can be made by stringing 100 small beads 
together in alternating colors in groups of 
ten. This opens up many possible activi-
ties using various dice including place 
value decahedron dice. These activities 
can be easily implemented anytime during 
the day.

Common Card Compare

Students played many games using these 
structured models throughout the six 
weeks. The game that had the greatest 
impact for this group of fi rst graders was 
a game I developed called Common Card 
Compare. It is played similarly to War and 
is most effective when using ten frame 
playing cards. A commercially-made deck 
of cards can be purchased through Great 
Source at http://www.greatsource.com.

Before play begins in Common Card 
Compare, a single 10 card is removed 
from the deck and placed between the 2 
to 4 players. This card becomes the “com-
mon card” throughout the entire game. 
The remaining cards are divided evenly 
among the players. Players place their 
cards face down in a pile in front of them. 
Each player takes a turn, revealing her top 
card and adding it to the common card to 
fi nd the sum. The expectation is that each 
player must share her strategy for fi nding 
their sum before the next player reveals 
her card. Once each player has revealed 

her top card and determined the sum, the 
player with the greatest sum collects all 
cards played with the exception of the 
common card. Once all cards have been 
played, the player with the greatest number 
of cards is the winner.

The structure of the ten frame cards 
provides support for discovering relation-
ships and in this case, exploring numbers 
11 through 20. Initially, a few fi rst graders 
counted the dots on the ten frame cards 
when playing these games. They soon 
gave up counting all the dots for counting 
on from the ten card. They then internal-
ized the knowledge that 10 and 5 more 
would result in 15. Once this fi rst-grade 
group demonstrated fl uency in adding to 
10, I changed the common card to 9. I was 
amazed that very few dropped back to 
counting the dots on the cards when faced 
with a different addend. Most fi rst graders 
said, “Well, it’s just going to be one less.” 
“What do you mean?” I asked. “Adding 
to 9 is like adding to 10, but the answer 
is going to be one less. You see, 10 and 6 
would be 16, so 9 and 6 must be 15.” 

We named this the “Think 10 strategy.” 
Students think 10 fi rst, add, and compen-
sate for adding too much afterward. The 
other strategy that emerged was the “Make 
10 strategy.” This strategy used the visual 
image on the card. A few students saw that 
if you pretended to remove one dot from 
the 6 card and added it to the 9 you would 
have 10 and 5, making 15. Using this strat-
egy, students compensate fi rst by decom-
posing one number to make a 10 before 
they add the two sums. 

The most valuable outcomes throughout 
playing these games were that students 
were able to describe their strategies and 
were able to relate to the landmark of 10. 
That was powerful! But it didn’t end there. 

Figure 2. Students used 
various materials such as 
bead sticks, fi ngers, and 
ten frames to represent 
quantities.

http://www.greatsource.com
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The students and I tried using 5 as a com-
mon card and new strategies emerged. 
Using the cards, they could see groups of 
fi ves (See examples of various Common 
Card Games in Figure 3). We also explored 
what it would be like having 1 or 2 as the 
common card. 

Outcomes
After each switch of the common card, 
students discovered new strategies and 
practiced using these strategies to fl uency. 
They also became more comfortable shar-
ing strategies and using mathematical 
language which carried through to other 
whole-group math conversations.

An interesting discovery was made by a 
few students while playing Common Card 
Compare. They noticed that the results 
remained the same regardless of which 
card was chosen as the common card. In 
other words, they noticed that 6 is greater 
than 2 no matter what common value was 
added. Whether the common value was 10, 
5, or X, the difference remained the same. 
I celebrated their intuition and their devel-
oping algebraic reasoning. They were dis-
covering new and important relationships.

This game has become one of the most 
frequently played games in the schools I 
visit. Controlling the common card pro-
vides teachers with the ability to differenti-
ate for all learners and provides students 
with intentional practice of specifi c skills 
and strategies. Playing this game with its 
many variations leads to relational think-
ing and fl exible strategy use. “Now, I have 
two ways to solve this problem.” What 
could be better than that? !
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for Success: The Final Report of the National 
Mathematics Advisory Panel. Washington, D.C.: 
U. S. Department of Education, 2008.

Numeracy Professional Development Projects. The 
Number Framework (revised ed.). Wellington, 
New Zealand: Ministry of Education, 2007.

Common Card Compare with 10: This game is played like War with a 
shared common card. In this case the common card is 10 throughout the 
game. Students add their card to the common card and compare the sums. 
In this round player 1 has a sum of 14 and player 2 has a sum of 19. This 
game provides practice adding to 10. Some students begin with counting 
all, moving to counting on, and then to recalling the facts.

Common Card Compare with 9: Once students have fl uent recall of 
10 + facts the common card can be changed to 9. Player 1 might think, “if 
it were a 10, I would have 15, but it is one less so I have 14.” Player 2 might 
think, “I can move 1 to the 9 and then I would have 10 + 5, so I have 15.” 
Either strategy works!

Figure 3. Example of cards played while playing variations of Common 
Card Compare.

Loree Silvis is an experienced primary-grade 
teacher now researching how young chil-
dren construct understanding of important 
foundational mathematical concepts. Loree 
is the Primary Level Mathematics Specialist 
with the Vermont Mathematics Partnership 
at The Vermont Institutes in Montpelier and 
operates a consulting business, Cornerstone 
Mathematics Consulting, in Bolton, Vermont. 
lsilvis@cornerstonemathematics.com.

Common Card Compare with 5: In this game the common card is 5. 
Students use the ten frames to look for 5s to make a 10. Player 1 has 
9 + 5 which can be seen as 5 + 5 + 4, or 10 + 4. Player 1 now has two ways 
to solve 9 + 5. Player 2 has a 3 + 5 (“5 + some more facts” are early basic 
facts).
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While we work diligently to use all the resources of our schools to bolster instruction, our 
students will often find their own valuable ways to explore concepts. Frequently this 

involves play and manipulating objects, or drawing and designing. This is all of great benefit to 
an individual child. Sometimes there are ways to bring this work into the classroom as well.

The stamp pattern shown here was cre-
ated in a few minutes from envelopes in 
a recycled paper bin. Six is represented, 
as well as two sets of three. We could do 
that with two colors of blocks or beads 
in the classroom. But the seven-year old 
designer pointed out another attribute, “The snowflakes are one group, but one of them is differ-
ent from the other two.” Mathematically, we might write 3 + 3 = 6 or 3 + 2 + 1 = 6. This is a great 
opportunity for discussion—and richer than working with two colors of blocks.

Turning to the natural 
world, the small stone tow-
ers in this photo could be 
collected and reassembled 
at school, or could be shared 
as an image. Are the towers 
equivalent in some way? We 
could measure the heights 
with conventional units or 
count the stones. What would 
students say about the use of 
larger and smaller stones, or 
the numbers of such stones 
needed? Are there other tow-
ers, similar in some way, that 
students have seen?

For many aspects of num-
ber and operations, the learn-
ing opportunities literally sur-
round us.


