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Geometry in Our World
Imagine a primary classroom in which students investigate and predict the results of
putting together and taking apart two- and three-dimensional shapes, or create shapes
that have symmetry, or recognize geometric shapes in the environment. Years later, in
fifth grade, these students choose appropriate units, strategies and tools for
solving problems involving estimation or measurement of volume. They
explore three-dimensional shapes, finding surface areas and volumes or
describe polyhedral solids, based on numbers of edges, faces, or vertices.
In middle school, these students make more and more links between
geometry, algebra, measurement, probability and data analysis.
These examples are drawn from Curriculum Focal Points, Pre-K through
8 Mathematics, National Council of Teachers of Mathematics (2006). The
subtitle of this valuable book is A Quest for Coherence, surely a need in modern curriculum.
This issue of Connect looks at geometry through a number of lenses to
show applications in vastly differing elements of the curriculum and of our
lives. The articles, full of details, reveal many options for geometry and its
uses. They serve to open doors for thinking about this vast mathematical
topic that can provide skills for living and for understanding the world
around us.
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Three Folds and a
Spot of Glue
by Heather Taylor
In this era of high-stakes testing, especially in math and reading, the topic of
geometry deserves careful attention. We
begin this issue of Connect with a story of
finding examples of geometry in the
broader curriculum where students can
encounter concepts and see their value,
learning through direct experience.
Our Associate Editor, Heather Taylor,
visited a professional development course
where teachers were learning to make
books with children. The course teaches a
craft that has great value for literacy as
children write and make their own books.
The skills students develop provide motivation and a sense of accomplishment.
And the direct experience with geometry is
there at every step of the way, in a fashion
that addresses both creativity and constructing mathematical knowledge.
—Editor

M

aking books by hand is a profound
and complex experience in spatial
relations. Through it, a classroom teacher
can lead children to explore shapes, rotational symmetry, and positive and negative
space, just to name a few mathematical
concepts. There are also great opportunities for informal assessment, as students
are called upon to use terms and show an
understanding of “forward,” “backward,”
“in front,” “behind,” “90 degrees,” etc.
This past summer I visited a workshop
in bookmaking presented by Paul Johnson,
author of such helpful how-to books for
teachers as Pop-Up Paper Engineering
and Pictures and Words Together. The
class was made up of librarians, artists,
and classroom teachers. Some had been
making books for years while others were
fairly new to the activity.
In the informal setting of this course at
a Vermont professional development center, teachers had time to discuss the
process of making books—the craft
www.synergylearning.org • MARCH-APRIL 2007

involved, the math skills, especially in
geometry—and the final products, stories
written by children, beautifully presented.
These would be their own creations from
the written word to the design and construction of books, with geometric problem solving built right in.

Participants
engineered geometric
book forms amidst
creative chaos.

Engineering paper
At first glance into that room, one was
greeted with the very best examples of
creative chaos: tabletops were covered in
samples of bright, colorful paper; jars
jammed with pencils and markers stood
ready; various types of scissors, punches,
and stamps lay scattered across self-healing cutting mats and bumped into strait
edges and x-actos. Brilliantly colored
examples of books were propped up
everywhere.
Paul Johnson is a self-described compulsive paper-folder. There is for him a
compulsion to fold a waiting page in half.
Then in quarters. Then to turn it and wonder how a simple cut might force the
folded paper to form into a shape that
stands out from the page. A blank piece of
paper seems to be an invitation to play,
invent, question.
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Non-standard measurement

Several techniques in
pop out designs are
included on this page.

In the circle of tables in this workshop,
he stands like the magician, subtly and dexterously creating forms out of nothing but
an ordinary piece of paper. Unlike the
magician, however, Paul is eager to share
his “secrets.” It seems as though he would
like nothing better than for all of the world
to master these tricks and make books and
fill them with stories. Most especially he
would be glad to see many children make
their own books and fill them with their stories. And that is the point of this workshop:
to help teachers inspire in their students a
love of literacy through the book arts.
My interest in visiting was a different
one, though: I wanted to see the math in
action, the physics involved, the technology
inherent in creating pages and pop-ups.

Math in action
Math, especially geometry, was in use.
Because of engaging in direct, practical
activities, bookmakers had the opportunity
to develop and strengthen their experiential understanding of fractions, basic geometric shapes and relationships, symmetry,
multiplication, and measurement.
Jen Manwell, an upper elementary
teacher, showed me the packet they made
the first day, filled with at least eight different examples of book elements they
made in just one morning. Each of the five
days was like that. What’s more, each
sample was only a first step to myriad
variations one might explore. What if you
folded twice, cut on a slant, or changed the
color or the weight of paper you used?
PAGE 2 •
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“Find the halfway mark by folding the
paper in on itself,” Paul instructed. “Use
your eye to judge a perfect vertical. Take
this edge down to the horizontal to make a
true diagonal of 45 degrees.”
It would be possible to use these sorts
of crafting lessons as examples of standard
measurement and mastering using tools
such as protractors and rulers. But that
was not the focus of this set of workshops.
“To date we’ve done no [standard] measuring at all. We’ve been guessing, using
horizontals, verticals, and lining up edges
to make a parallel . . . Do you see?” he
asked, always encouraging the course participants to think about what they were
doing and to translate what they were
experiencing into how they might present
it to children.
“Folding over about a decent thumb’s
width,” he guided, and then paused to say
something about the measurement: “I
don’t measure anything. On the strait edge
I use, all the centimeter marks and inch
marks are worn away so I can’t see them
anyway. Can you imagine having to measure 8 5⁄16" every time? Oh! Perish the
thought! It’s a matter of principles, not
measurements.”
As he demonstrated a shield fold
(which yields a little shield-shaped piece
of paper that pops up when the fold is
opened), Paul directed his students to follow the written diagrams. “If you’re doing
this with children, you want to show it
clearly. Try to get children into visualizing
these things.”
Although the room was quiet, there was
a palpable buzz in the air: participants
excitedly experimented with varying a single element and informally shared the
results with their neighbors. “How did you
do that?” or “Oh, look at this!” came out
in surprised voices. It was obvious to me
that each was entirely focused on practicing the new things they were learning.
Among participants, there was an edge
of nervousness. “Am I doing this right?”
But there was also an excitement and a
sense of wonder that nearly crackled in the
air. When participants unfolded, opened,
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or flipped over the particular mechanism
they had been working on, they seemed to
be filled with a sense of accomplishment.
Their curiosity took over as they more
closely examined just how the hinge or
flap succeeded at the motion they could
produce with it. And then they could see
what they might turn the element into: A
dolphin diving below the surface of the
water; a monster leaping off the page; a
playhouse, growing out of the background
of trees.

Back in the classroom
Many months later, I spoke with Jen Manwell about how she’s used some of these
ideas in her classroom. They’ve been
working on a unit studying quilt designs.
One large project involves making a story
quilt that shows the special place of each
child in the class.
Bookmaking was just one part of a
sequence of lessons and experiences for
the eight to ten-year-olds in Jen’s class.
They also visited an exhibit of quilts at the
local museum. While there, they noticed a
quilt that told a story through a series of
panels in the middle. A strip of geometric
designs bordered the whole piece. When
they returned to the classroom, her students talked about different shapes and
their properties and experimented with
rotation, symmetry and colors. They made
pictures using cut-paper geometric shapes
(i.e., making trees out of triangle cut-outs).
They tried different ways of putting
together nine squares, because there would
be nine squares in the center of their quilt
to tell the story.
One book that students made in preparation for the large quilt was a type of
accordion book, in which sixteen different
pages can be made from one folded, cut
sheet of paper. The final product can be
viewed as a three-dimensional book form,
or unfolded and viewed as a two-dimensional art form. Each student’s ideas about
their own special place are incorporated in
this compilation.
The kind of learning happening here is
perhaps not discrete, nor clearly defined as
geometry per se, but the wealth and richwww.synergylearning.org • MARCH-APRIL 2007

ness of experiences that these students are
getting as they work together to create a
lasting, communal project is invaluable.
As well, just as the adult participants in
the summer workshop did, by manipulating paper (and fabric shapes), the children
are developing personal, direct and concrete concepts in geometry that will last.

Jen Manwell plays
with some pop-up
ideas she shared
with her class later
in the year.

A simpler way
When asked about his work traveling and
presenting workshops, Paul Johnson said
that it is of great benefit because you get
to see everyone else’s experimentation.
Working with students, especially when
it’s a large group of thirty children at a
time, forces one to bring processes down
to their basic elements, he says. You must
constantly refine and distill the steps to
their absolute essentials, in order to clearly
communicate the process. “Is there a
simpler way of doing this?” you have to
ask yourself. “Can I make it more efficient? How can I bring it all down to just
three folds and a spot of glue?” 
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On the Shoulders of a Giant
by Steven Branting

A few
demonstrations in
class and some
simple review
explanations outside,
where the receivers
can access the
constellation of GPS
satellites, are really
all that is necessary
to send the students
on their way.

F

ew individuals in history have matched
the stunning ingenuity and design brilliance of Heron of Alexandria. Born in
Egypt, circa 10 CE (Common Era), Heron
is believed to have taught at the great
Mouseion in Alexandria, the center of
antiquity’s intellectural world. Most of his
surviving writings are in the form of lecture notes for courses in a wide variety of
subjects, including pneumatics, mathematics, surveying, mechanical engineering
and physics. Because of his eclectic interests, he is credited with saving many seminal works from earlier Babylonian,
Egyptian and Greco-Roman scientists and
mathematicians. Among his inventions
was the aeophile, a steam-powered engine.
When I was a junior-high-school boy in
the early 1960’s, I talked my father into
constructing a model of one with me.
Heron also designed and built coin-operated vending machines, the water organ,
singing mechanical birds, a fire engine and
the dioptra (an early form of the theodolite) all of which astounded his contemporaries and impress engineers to this day.

Heron’s algorithm
Heron’s most important geometric writing,
the Metrica, was lost until 1896, when a
complete copy was found in Constantinople. Arranged in three parts, the volume is
a collection of geometric rules and formulas that Heron collected from many
sources. Book I explains methods to find
the area of various plane figures and the
surface areas of common solids. Included
among the equations is a derivation that
has become known as “Heron’s Algorithm.” Likely dating from the time of
Archimedes (circa 287–212 BCE) or earlier, the formula computes the area of a triangle simply by knowing the lengths of the
individual sides.
PAGE 4 •
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The triangle and its function as a component of polygons had long fascinated the
Greeks. Beginning with Thales, geometers
progressively used triangles in the “process
of exhaustion” to calculate π to a value
between 310⁄ 71 and 3 1⁄ 7. The technique was
basic triangulation.

In use today
Today the key word is trilateration, a procedure by which a location is fixed by its
relationship to at least two reference
points. The best-known application of trilateration is the popular global positioning
system (or GPS). GPS receivers deduce
their position by detecting time signals
from three or more of the 24 active satellites in the system and then computing the
distance to each satellite. This concept can
be readily demonstrated by tying strings
(representing radio signals) to a set of distinct anchor points (satellites) and pulling
the strings taut to meet at a single point
with a small weight (the GPS receiver).
Learning to use a GPS unit takes little
classroom time, as even young students
can easily navigate using the menus and
scroll keys. Working from a PowerPoint
presentation built around screen captures
from the Garmin eTrex®, an inexpensive
and user-friendly receiver, students
quickly familiarize themselves with all the
basic functions, especially how to mark
waypoints (specific latitude/longitude
locations). A few demonstrations in class
and some simple review explanations outside, where the receivers can access the
constellation of GPS satellites, are really
all that is necessary to send the students on
their way.
Since the global positioning system pinpoints individual sites, we can think of a
waypoint as the coordinates for the vertex
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the waypoint for Cone B and executes the
GOTO function. The GPS unit senses her
present position and calculates the shortest
distance to Cone B, without the student
having to move from Cone A. She can
then repeat the process to Cone C and then
––
walk to Cone B to calculate BC.
Second, a student can use the ROUTE
function in the GPS unit. In this method,
each of the waypoints marked at the vertices of the triangle is selected, in any
order, to create a route. The receiver calculates the segment distances from one point
to the next. Therefore, to calculate all
three sides of the triangle, a student would
set up a waypoint route like “001 – 002 –
003 – 001.” Returning to the first point
will calculate the perimeter of the triangle.
I do, however, alert students to one
caveat when using the ROUTE function.
Because the function calculates the total
distance traveled, most GPS units switch
from “feet” to “miles” and round off to the
nearest tenth. This breaks one of the cardinal rules of working with a calculator: Do

An aerial photo of the
school grounds shows the
three waypoints marked as
white circles.

of a triangle. Using orange cones, I set out
a large triangle on the campus that cannot
be entirely seen from any single point,
given the placement of the school buildings. I send the students with their
receivers to locate and digitally mark the
three vertices of the triangle, A, B and C,
and to determine the distances between the
points. How can the students find the distances between the cones, especially when
I place them so no one can just pace off a
straight line from one to another? That’s
where the global positioning system
comes to our rescue, since GPS looks at
the surface of the Earth without any regard
for buildings and houses, fences and
hedges. Students have two options to complete this assignment.
First, the students can go to any of the
three waypoints, recall any of the other
two and direct the GPS unit to GOTO. The
––
triangle has three possible segments: AB,
––
––
AC, and BC. Let’s say, for example, that a
student stands at Cone A and wants to
know the distance to Cone B. She recalls
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no intermediate rounding. A simple solution to this is to use the ROUTE function
to create separate shorter routes: 001–002,
001–003, 002–003. Unless the side is
longer than 528 feet, the GPS unit will
remain in “feet.”
In another version of this activity, student teams plot their own three points on a
map of our school’s campus. In this way,
they can generate a wide variety of triangle shapes and sizes. The students then
walk to their predetermined points and
gather their digital data. If a teacher uses
this option, remind the students to create a
triangle that has three distinctly different
sides and to be wary of the ROUTE function if their sides are going to be larger
than 200 feet.

Heron’s algorithm at work
Heron can now dust off his sandals and
get involved with the lesson. His algorithm for a triangle’s area (A) is usually
stated as:

A=
where

s ( s − a) (s −b) ( s − c)
s= a+b+c
2

If we add all the distances between
waypoints, we get s, with a, b and c being

caption

the lengths of the triangle’s sides. Dividing by 2 gives us what is called the “semiperimeter.” Elementary school students
can first calculate all four numbers and
then solve the problem step-by-step, multiplying the numbers, getting a product
and then taking the square root. Middle
school math students may wish to use the
parentheses function on their calculators
to solve the problem by inputting the numbers as a single, albeit multiple-step, statement, while maintaining the order of
operations.
With GPS accuracies of 15–25 feet over
the distances of the 400–600 feet between
cones, the answers the students obtain in
this lesson are remarkably close to the
actual figures (135,000 square feet or 3.1
acres), as determined from city surveys.
I make one additional method available
to my students when I teach them to use
ArcView® (ESRI, Redlands CA), geographic information systems (GIS) software that can geo-reference GPS data to
city maps. ArcView downloads GPS points
and measures the length of a segment
between any two points and the entire
route among a set of points, doing so in
any of a variety of units. As a bonus, software will produce a map of a student’s triangle, complete with labels and a legend.
We have certainly advanced the technology, but the mathematics have been in
place for millennia, the basics now ages
old. Isaac Newton expressed it well: “If I
have seen further, it is by standing on ye
shoulders of Giants.” I am sure that Heron
would have met Newton’s definition of
“giant.” 
Steven Branting designs programs for gifted and
highly able students in Lewiston, Idaho, with
whom he has won numerous national awards for
historical preservation, geography education,
cartography, and engineering.
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Tangrams and Geometry
Concepts
by John Tapper

R

ecently I watched a graduate math
lesson in topology at a prestigious university in the northeastern US. Topology is
a kind of geometry with fewer rules than
we are accustomed to in elementary school
geometry. The instruction I observed in that
advanced math setting was striking in its
contrast to the math instruction I’ve seen in
elementary schools. The professor, a noted
mathematician, was very clear in his
descriptions of the properties of the topological spaces he was describing. He drew
pictures and equations. His pace was reasonable and he was respectful of the students. But his lesson was based on telling
the students what he wanted them to know.
Some of the students understood. Some, I
learned later, had developed idiosyncratic
translations of his lesson. And still others
had no way to understand what he was
telling them, given their own mathematical
experience.

Asking and telling
A simple way to draw a clear (if overly
simplified) distinction in mathematics
instruction is to think of asking apporaches and telling approaches. Math education literature uses lots of terms to
describe this difference: procedural
approaches versus conceptual approaches,
constructivist lessons versus representational lessons. In the end the difference is
significant, but often misunderstood. I’d
like to explore this difference in instruction by looking at similar geometry
lessons using tangrams. Both lessons can
be delivered by caring, interested, and
competent teachers, but the instructional
goals of each lesson are subtly different.
As a result, they will vary in their effectiveness. You might enjoy this article more
if you have a set of tangrams handy while
you’re reading.
www.synergylearning.org • MARCH-APRIL 2007

A telling lesson with
tangram squares
Good telling lessons can incorporate
manipulatives just like good asking
lessons. In both of these lessons, students
will be using a standard set of tangrams:

Let’s suppose that the goal of our lesson
is to familiarize students with some of the
properties of rectangles and triangles
through the use of tangrams. Because this
first lesson is a telling lesson, we are most
concerned with the transmission of accurate information to our students using the
most effective means possible. In this theoretical example, we would use the seven
tangram pieces to help students understand the difference between the two
shapes.
Triangles, we tell them, have three
sides. We might ask students to make a
pile of the pieces in their set that have just
three sides. (Notice that we don’t ask the
students how they might sort these shapes.
That is more of an asking, or constructivist
approach.) Perhaps we even ask them to
make a label, “triangles” beneath the
shapes.

Triangles
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We then ask our students to find the shape
in their set that has exactly four sides and
four square corners. This, we tell them, is a
square. We ask students to label the square.
Now, we reason, students can see the difference between a triangle and a square. They
have labeled the pieces with correct mathematical vocabulary.

Triangles

Squares

Notice that we’ve used manipulatives,
we’ve done some labeling, and there has
been “active learning,” at least in the sense
that students have moved materials around
on the desk in front of them.
We finish the lesson by showing students
that we can use triangles, and other shapes,
to make squares. We show them this figure
on the overhead:

We can ask the students to make these
squares out of the tangrams in their set. We
can ask what shape we’ve made and what
shapes are inside. If we are working with
older students we might point out that two of
the triangles are congruent and some are
similar. We could also alert students to the
fact that these are all isosceles triangles. We
could take a similar approach with the figures below, asking students to make them
with their pieces and to notice that they are
squares made up of triangles:

By doing this we would be using physical
materials to reinforce the content we were
teaching. In the best telling tradition we play
the role of tour guides, walking our students
through concepts, showing them how to
understand. The lesson would involve

PAGE 8 •
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manipulatives, geometry concepts, and
active student work.
For some students, this approach will be
successful. Their thinking will be similar to
the teacher’s and they will follow her logic
from beginning to end. They will make the
same connection that the teacher makes
between the properties of certain shapes and
their role in making a square.
Unfortunately, many students will not see
the concepts here the way the teacher does.
They will, like the students in the topology
class I mentioned earlier, create their own
version of the math content or be unable to
create any version at all. If, metaphorically,
they don’t speak the language the teacher is
speaking, they will not have access to the
content the teacher wants them to learn.
To some students, moving tangram pieces
around is simply a lesson in following directions. Telling them about the math will not
help them learn it. Some research suggests
that students of color and students in poverty
may be most affected by differences
between teachers and students.1 This could
be at least one reason for the achievement
gap that affects African American students
and Hispanic students, as well as students
living in poverty.

Asking about triangles
By contrast, we could explore knowledge
about triangles through a series of problem
solving activities. We could begin by asking
students to come up with ways to sort the tangram shapes. Since the groupings in this
approach come from the students, there are
many potential answers. Students could sort
them by size, shape, number of “corners,” etc.

Big

Medium

Small

3 Corners

4 Corners
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We can use the sort to help students
identify similarities in the three sizes of
triangles. By doing this we are helping
them investigate the concept of triangle:
what makes it different from other shapes?
Because we do this by asking students to
think about, and name, the similarities in
the shapes, they are constructing their own
understanding of those similarities rather
than trying to adopt the ones we give
them.
If I tell you what a squonk is (a madeup animal), you will have to rely on my
description to understand it. If you have
seen other animals that are similar to the
squonk in my description, you may get a
pretty good idea of what it looks like. On
the other hand, if you have never seen anything like a squonk, you will try to make a
picture out of what you already know. You
will use your mental library, which may
not include much of what mine does, to
make sense of what I’m telling you. This
can lead to all kinds of strange errors.
Ultimately, you may get the wrong idea.
Artists rendered many strange versions of
the animals Columbus and his crew
described upon their return to Spain. It
wasn’t until artists and naturalists actually
went to America that accurate renditions
were created.

Building a personal
understanding
Through analogy, a similar phenomenon
happens in learning geometry. By building
the idea of what a triangle is by separating
it from other shapes, students are building
a personal understanding. They don’t
need to rely on anyone else’s description,
because they create their own experience.
They have gone to the new world (in a
manner of speaking) and have made their
own sense of it.
Teaching through asking boils down to
problem solving and skillful debriefing.
Let’s consider what an asking lesson
might look like. Try these problems as we
go. They work wonderfully with children,
particularly third through sixth graders.
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With tangrams, we can work on the following problems:
1. Can you make triangles with two
tangram pieces?
2. How many triangles can you make
with three tangram pieces? What do
you notice about the solutions?
3. Is there a simple way to turn, “threepiece triangles,” (made from tangram pieces) into, “four-piece
triangles”?
While the answer to the first question
may be rather obvious, the next two
involve some interesting mathematics, and
some interesting concepts for teachers
about the teaching of mathematics.
1. As you solve the first problem you
will discover that two congruent
right triangles will make a larger triangle. You can do this with the two
small triangles and with the two big
triangles:

While this seems obvious, if you use
this one piece of information you will
have less difficulty solving the other two
problems. You might also notice that you
can make congruent triangles out of the
medium-size triangle and the two small
triangles:

2. By moving the medium triangle, you
will find that your discovered rule
(two congruent right triangles can
make another, larger triangle) helps
you create one of the three-piece triangles.
The trick here is for you (and your students) to be able to see the whole piece—
the triangle that is made from the two
smaller triangles. Being able to recognize
what’s right in front of you is usually a
product of taking time to slow down, look
carefully, and think about what you’re seeing.
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tions. To help them understand what they
are building and seeing, we can ask questions like:

If you look closely at your pieces, you
might find that there are three shapes that
share a common property: they all have
the same area. Which three are they? How
can you prove this?

. . . Using prior
knowledge to help
solve new
problems . . .
is much more
important than any
particular
knowledge we might
learn about
triangles.

If you use the two small triangles you
will be able to prove that these shapes, the
parallelogram, the square, and the medium
triangle all cover the same area. Why is
this useful? How does it connect to other
math learning? How will it help us find out
how many three-piece triangles there are?
In algebra there is a procedure called
“substitution.” It means that if quantities
are equivalent, we can let one stand in for
the other. 4 + 6, for instance, can stand in
for 10 anytime. In geometry we can’t
apply this concept directly, since what is
“equal” in a numerical sense is “congruent” in a geometric sense. That is, if two
figures are congruent they must be the
same in all their geometric qualities (side
length, angle size, area). The two small triangles are congruent. So are the two large
triangles. Numerical values, like area,
have only one quality: quantity.
Having tangram pieces with equal areas
should pique some interest. How can you
use substitution to help you find threepiece triangles? If you want to play with
this idea, don’t read ahead until you’re satisfied with your own exploration.
By substituting shapes with equal area
we find the solutions we’re looking for:

Notice that the overall area of the triangles remains constant. This is an important
consideration as students are finding solu-
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• You found a three-piece triangle
that’s different from your neighbor’s.
Can you see anything similar about
them?
• I notice that both of you have small
triangles and another piece. What can
you tell me about the other pieces you
used?
• Three people have discovered threepiece triangles using two small triangles and another piece. Let’s look at
those third pieces and see what might
be the same about them.
• Do the triangles get bigger when you
use different pieces? What’s going on
here?

What we already know
Throughout this process of building triangles I’ve emphasized using prior knowledge to help solve new problems. This
single “habit of mind” is much more
important than any particular knowledge
we might learn about triangles. It, along
with the geometry content, is the heart of
this lesson. Helping students think about
what they already know before rushing
into a new problem is a critical distinction
between the asking and telling approaches.
In the telling approach, the teacher
gives students information and then has
them practice applying it in similar situations. The reasoning is that through this
process, they will become comfortable
enough to see when an application is necessary in a new situation. Research into
mathematics learning over the years suggests that this approach has limited success.2 My own experience with graduate
mathematics students bears this out.
Without experiences designed to build
students’ abilities to consciously apply
prior learning to new situations, learners
will be confounded by new problems.
Rather than seeing connections between
problems, students will try to learn “correct” approaches to each problem.
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The strength of asking

Notes

The third problem, how to find a way to
make four-piece triangles, is the kind of
problem that demonstrates the asking
approach’s strength in helping learners
understand the value of using prior learning.
When I use this problem with adult learners
the frequent response is to start all over finding new four-piece triangles. The thinking is
that once I’ve figured out how to make fourpiece triangles, I’ll be able to see the “trick.”
This makes sense, since must of us were
taught math from a telling perspective and,
in that way of seeing things, solving, then
thinking is the norm. Do a kind of problem
100 times, then you’ll see how it works.
But if we try to make use of what we
know, we might come to a startling, and efficient, solution. What do we know? We know
three things:
1. We can make a larger triangle out of
two congruent right triangles;
2. We know how to make 3 three-piece
triangles;
3. We know that the large triangle is congruent to any of the three-piece triangles we’ve made.
Do you see a solution? How can you use
what you know to find four-piece triangles?
Many critics of the asking or constructivist approach to learning argue that there is
too much playing with materials and not
enough math being learned. This can, actually, be a legitimate criticism if the teacher
does not help student to see how their solutions relate to earlier learning, expand their
mathematical knowledge, and come together
to form a cohesive mathematical idea.
Teachers can succeed by asking students to
write about their thought process and discoveries; engage children in discussions
where they test, demonstrate, or defend their
solutions; or share student solutions in a
coherent manner, extricating the important
mathematical ideas.
Manipulatives, like tangrams, can be used
to help students build on prior knowledge and
expand both their math content knowledge
and their problem solving skill. The key is for
teachers to pose useful problems and to help
students make sense of their learning. 
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Experiencing Proportion
by Nathalie Sinclair

Beautiful
mathematics is
about ideas fitting
together, about
connections
between
mathematical
ideas.
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he world of mathematics offers many
surprises and mysteries, and I am
constantly interested in finding ways for
students to appreciate the beauty of mathematical ideas.
I was intrigued when I read David
Hawkin’s Nature Man, and Mathematics
(1974), in which he writes so eloquently
about the wonder of mathematical scaling.
He describes his experience of watching
his five-year old granddaughter make
sense of the microscope she has just
received. At first, she doesn’t know what
to look at; she chooses things that are too
big to fit under the lens or things that don’t
magnify, that is, that don’t scale at all.
Then one day, he observes her placing a
piece of lint under her microscope and he
realizes that she has finally understood
something very important about size and
proportion.
I was struck by the shift in the little
girl’s understanding, and the natural setting
in which this shift took place. But I was
even more excited to realize that the idea
Hawkins was talking about is one that children and adults alike find quite intriguing,
and thus an idea well-suited to accomplish
my own goals of connecting sophisticated
mathematical ideas to children’s sense of
wonder.
This idea, often encountered in the middle school grades through investigations
on similarity transformations and measurement, may seem rather mundane at
first. After all, scaling is just about making
things bigger or smaller. At one level,
that’s true, but consider the many examples of very, very big things or very, very
small things that have excited people’s
imaginations: King Kong, miniature dollhouses, matchbox cars. These objects are
not interesting because they are huge or
minuscule, but because they are, in fact,
not the right size, that is, not the size we
encounter them in everyday life.

The simple idea of scaling has a beauty
of its own, due in part perhaps to its
ephemeral character in our everyday lives.
Sure, we see babies “scale” up to become
adults and maybe also sets of Russian
dolls scale down as one keeps removing
one doll from inside the other. But these
events occur over long periods of time (for
babies) or very discretely (like the Russian
dolls); we have few experiences of realtime, continuous scaling.

The mathematics of scaling
From a geometrical point of view, scaling
is a transformation that changes the size of
an object while maintaining its basic
shape. To be more precise, geometers
describe the process in terms of beginning
with some pre-image object and choosing
a number (or scale factor) by which each
dimension of the pre-image is multiplied to
produce an image. By applying the same
scale factor to each dimension, geometers
are assured that the pre-image and the
image are in proportion. If the pre-image is
the shape of a figure whose arms are twice
as long as its legs, then the image, however
big it is, will always have the arms twice as
long as the legs. Geometrically, the two
shapes are called similar.
There are many other kinds of geometric transformations, including ones that
many students are familiar with already,
such as rotation and reflection. These
transformations don’t change the size of
their pre-images, just their location and
orientation. And of course, these transformations also maintain the basic shape of
the pre-images. There are other transformations that will change size and shape;
for example, think of stretching a shape to
be twice as tall without changing its width
at all. But scaling is the only transformation that accomplishes the elegant goal of
keeping things in proportion!
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Scaling and sculpture
I thought of Hawkins and scaling on a
recent visit to a sculpture studio in Vietnam, where the artists were engaged in a
whole series of transformations to produce
a life-sized marble sculpture of a man
playing golf. The artists had received a
photograph of the man holding his golf
club and they had used that photo to create
a small sculpture made of plaster (which
you can see in the top right corner of my
photograph in Figure 1). Then, they had
scaled that small plaster sculpture in order
to create a larger, life-sized clay sculpture
(shown on the left). They were then going
to use the clay sculpture to make a mold
that would enable them to produce the
sculpture that had been commissioned by
the golfer.
The artists wanted the finished piece
to be three times bigger than the small
plaster model, and to do this they used a
pantograph (sometimes called a threedimensional compass) shown in Figure 2.
Using the counterweight to move the
crossbar around, the tracer is placed at different positions on the small plaster
model, and as the tracer moves around the
model, the tip points to corresponding
locations for the larger clay model. The
artists use a wire frame to mark out the
locations of the tip.
In order for the scaling to work, that is,
in order for the two pieces to have the
same proportions, the relationship
between the locations of the tip and tracer
bars along the crossbar and the relationship between their lengths have to be the
same. As you can see in Figure 2, the tip
bar can be placed anywhere along the
crossbar in order to produce different
sized scaled versions of the small plaster
model, and thus the pantograph acts as a
device that can produce a continuous set
of larger and larger versions of the preimage.
In order to see what those differentlysized images would look like, I modeled
the pantograph and the small plaster
model using the dynamic geometry software The Geometer’s Sketchpad. The
small plaster model is slightly darker, in
www.synergylearning.org • MARCH-APRIL 2007

the center, and
you can imagine
the tracer moving
around it while the
tip creates the outline of the larger
shape on the left.
The fulcrum
would correspond
to the small point
visible on the right
of each frame
shown in Figure 3.
The sequence of
frames shows different scaling sizes, starting at twice as big
on the left and growing to three times as
big on the right—this would correspond to
placing the tip twice as far from the fulcrum as the tracer and then moving it out
until it is three times as far. If the tip and
the tracer are placed at the same spot,
then, of course, the small plaster model
would just trace out itself.

Figure 1 A small
plaster model and its
scaled clay counterpart

Figure 2 The pantograph used at the sculpture studio
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Figure 3

Scale = 2

Scale = 2.5

Scale = 3

The scaling transformation works for the artists because in each picture, the plaster
model does not lose its basic proportions, that is, if the arm was one half the length of the
leg in the plaster, then it will still be one half the length in the marble sculpture; the scaling transformation is the only one that will accomplish the task of maintaining the proportions while changing the size.
When I looked back at the pantograph, after creating this dynamic model of the scaling
process, I wondered what would happen if the tip was placed between the tracer and the
fulcrum. I used Sketchpad again to model this phenomenon and the frames in Figure 4
given an idea of what happens. As the tip moves from the tracer toward the fulcrum, the
image actually gets smaller, so the pantograph could be used to create miniature versions
of the small plaster model too!
Figure 4

Scale = 3/4

Scale = 1/2

Scale = 1/4

As I imagined the tip moving closer to the fulcrum, it occurred to me that the tip might
be able to slide past the fulcrum toward the counter weight! I tried to visualize what
would happen to the tip if it was on the “other side” of the fulcrum as the tracer went
around the small, plaster model, and it was sort of hard to see what would happen. So I
turned to Sketchpad again to see the effect. Figure 5 shows a sequence of scaling starting
with where we left off in Figure 4, with the tip moving past the fulcrum toward the
counter weight. Notice how the shape changes orientation when the tip is between the fulcrum and the counter weight—I wonder if any artists would want to scale their plastic
models in this way!
Figure 5
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But why the change in orientation? If you look at all of the noses in each of the scaled
images of Figure 6a, you’ll notice that they all lie on a straight line that passes through
the fulcrum. Well, in order for a negative scaling to work in a way that’s consistent with
the positive ones, the tip of the nose also has to lie on that line, and so after it has hit the
fulcrum, it keeps moving along the line that is now extending both below and to the right
of the fulcrum. Figure 6b shows several of these lines and the corresponding points on the
scaled shape.
Noses lining up through the fulcrum

Figure 6a

Finding math around us
Mathematicians often speak of the beauty
of mathematics, and of the kinds of exciting and satisfying experiences they have
while doing mathematics. Beautiful mathematics is about ideas fitting together,
about connections between mathematical
ideas. It is also connections between mathematics and the events and phenomena of
the world, and about the surprising simplicity and patterns found in shapes, numbers and structures. In this article I’ve
chosen the idea of scaling to illustrate how
the emotional and aesthetic components of
mathematical thinking can nourish students’ interest and understanding.
Starting with evocative examples of the
very big and the very small, students can
connect their own experiences of these
objects with an important mathematical
idea. Then, using the pantograph, and
later, Sketchpad, this idea can expand even
further. We saw the continuous transformation of the plaster model getting progressively bigger and then smaller, and
then we saw it change orientation—all
accomplished by simply changing the
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Lining up corresponding points

Figure 6b

location of the tip along the crossbar. Ideas
such as scaling, introduced in such a
way—drawing on familiar connections
and hinting at surprising connections still
to be grappled with—can help students
better see and appreciate the mathematics
in the classroom and in the world around
them. 
Nathalie Sinclair works in the Faculty of Education at Simon Fraser University in Canada. She
teaches undergraduate mathematics courses as
well as pre-service and graduate courses in mathematics education. Her research focuses on the
aesthetic dimension of mathematics thinking and
learning, and also on the use of dynamic geometry
software across the mathematics curriculum.

Finding and Making Pantographs
Dick Blick Art Materials offers a high-quality student
pantograph for two-dimensional work at a cost of
$26.99. You can contact them at Dick Blick Art Materials,
PO Box 1267, Galesburg, IL 61402-1267. Call
800-828-4548, online at http://www.dickblick.com.
Simple pantographs can also be made using craft
sticks or cardboard strips and paper fasteners. You
can find many sets of directions by Googling “make
pantograph”.
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Technology for Learning
Sketching a
Path into
Geometry
by

BOB COULTER
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Many of us have strong, if not positive,
memories of geometry class. Euclidean
proofs showing that lines AB and CD are
parallel and that triangles FGH and XYZ
are congruent, color our images of mathematics, for better or worse. As with other
aspects of mathematics, the challenge for
many is making the leap from intuitive
concepts to formal representations. Any
middle school student can figure out how
many weeks of allowance she will need to
buy a new iPod, even if she can’t yet represent it as a formal algebraic formula.
Unable to bridge that gap, many decide
that they “just aren’t good at math.” As
educators, we need to do more to help students to see their potential.
Fortunately, tools are available for
today’s students that help them to bridge
that informal-to-formal gap that excludes
many from enjoying mathematics. The
Geometer’s Sketchpad, featured in an earlier column (Connect, 19:3) is commonly
found in middle and high schools, and is
well worth your consideration. With the
Sketchpad, students can explore a wide
variety of mathematical relationships. By
linking visualizations to formal relationships such as the parallel lines and congruent triangles described above, geometry
can become a much richer and engaging
subject.

Thinking about spaces
In this column I would like to consider
SketchUp, a 3-D modeling tool. Originally
designed as a professional tool for landscape architects, a substantially similar
version is now available as a free download from Google (http://sketchup.google.
com). In several classes with students as
young as third grade, I have found that the
program captivates attention. More importantly from an educational point of view, it
encourages flexible, detailed thinking
about spatial relationships—an essential
part of learning geometry. Together, the
heightened interest and enhanced thought
processes provide a base of experience
that will prove useful to students as they
move into more formal classes in high
school. For students who have experience
in thinking spatially, the formalisms of
geometry will seem less daunting.
Using SketchUp, students can visualize,
manipulate, and think with a variety of
shapes. For example, they can make a rectangle grow from a 2-D box to a 3-D block
with a quick drag of the mouse. From
there, students can quickly identify the
midpoints of their line segments and draw
a line segment joining them. A quick
“pull” literally raises the roof on their new
home. This gives them a symmetrical roof,
but if the student desires, the roof can be
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placed off center to create interesting
effects. Continuing the house example as
one of many possibilities, window and
door recesses can be drawn in as boxes or
circles and then quickly recessed to create
the desired effect. A deck can be built by
drawing a thin box parallel to the ground
and then pulling it out from the side of the
house. The posts are constructed in a similar manner, as small boxes drawn under
the deck are “pulled down” to reach the
ground. This can be done either free-hand
or set to match the bottoms of the posts
with the bottom of the building, giving a
symmetric look to the design.

Spatial literacy first-hand
As each student’s construction takes
shape, it can be manipulated in simulated
three-dimensional space, providing an
opportunity to explore perspective. Looking from each side, directly overhead, or at
an oblique angle gives different views of
the same shape, furthering the development of spatial literacy. Also, the program’s “sandbox” tools allow terrain to be
added, which fosters additional opportunities for geometric thinking. Students will
need to consider slope, elevation, and
other factors as they design their landscape. This may lead to further design
enhancements as well if, for example,
deck posts need to be shortened or
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extended to match the terrain. Finally, lest
the students be forced to settle for a simple
outline, textured surfaces can be applied to
represent a variety of building materials
and land coverings to enhance students’
final presentations of their work.
Throughout, as students develop mental
images of what they want to construct,
link that vision to their experience in a
3-D world, and then build their representations on a 2-D screen they extend their
spatial literacy within a realistic context.
Academically, students develop their
understanding of how the world is made
up of shapes and angles, and concepts
such as symmetry and proportion become
meaningful. In the end, they can rightfully
see themselves as mathematical thinkers
and bring that confidence forward into
advanced classes.
Bob Coulter is director of Mapping the Environment, a program at the Missouri Botanical Garden’s Litzsinger Road Ecology Center that
supports teachers’ efforts to enhance their science curriculum through use of the Internet and
geographic informations system (GIS) software.
Previously, Bob taught elementary grades for 12
years. bob.coulter@mobot.org
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Literature Links
The Shape of Things, by Dayle Ann Dodds
(Candlewick Press, 1994), is a simple shape
book for young children. “A square is just a
square, / Until you add a roof, / Two windows
and a door, / Then it’s much, much more!” Cut
paper illustrations by Julie Lacome are bordered by potato-cut prints and serve as inspiration for children to make their own artwork
based on shapes. This book is a great example
of how literature can serve as a link between
mathematics and the arts, and would be a good
bridge for an art teacher and math teacher to
collaborate on integrated curriculum.
The Warlord’s Puzzle, by Virginia Walton Pilegard (Pelican Publishing, 2000), is one of the
Warlord series, which feature mathematical
dilemmas and protagonists, often children, who
solve the problems. In this story a tilemaker has
dropped his gift to the Warlord, a square, blue
tile. He is to be executed
if the tile cannot be put
back together. Many wise
men try, but none is able
to rejoin the seven
pieces. It is a child thinking of a sailing ship and
playing with the pieces
who restores the shape
into what legends tell us
is a tangram square.
Nicolas Debon’s illustrations are expressive and
vivid. A tangram template is included for
copying. This can be
used to introduce tangrams to students in first
through fourth grade.
Cubes, Cones, Cylinders and Spheres, by Tana
Hoban (Greenwillow Books, 2000), is a picture
book of photographs for young children.
Author of over thirty books, Tana Hoban has an
extraordinary skill in showing everyday objects
in vivid and dynamic settings. This wordless
book portrays forms we encounter each day:
ice cream cones and traffic pylons, wooden
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blocks and gift boxes, silos and drums. Her colorful and contrasting photos are unambiguous
and appealing. This book could be used as an
invigorating introduction to observing forms
and shapes in our own environments.
Captain Invincible and the Space Shapes, by
Stuart J. Murphy (Harper Collins, 2001), is a
boldly illustrated book for children ages six and
older. The comic book format and richly colored graphics lend a certain drama and excitement that stimulate the imagination. This
exploration of platonic solids is supported by
suggested activities and a bibliography of children’s books that also feature geometry. At the
climactic moment in the story of Captain Invincible, we see that the entire space scenario has
been a boy’s imagination with everyday objects.
This could lead students to work with collections of objects and create stories or comics
while developing an understanding of what
makes a cube a cube, or a cone a cone, etc.

What’s Your Angle, Pythagoras?, by Julie
Ellis (Charlesbridge, 2004), is a fictional tale
of the early years of Pythagoras’s life and how
he developed the theorem named after him
(although, as the endnotes admit, “The actual
events of his childhood are unknown”). In this
story it is his father’s quest for a safe route
directly to Crete which inspires Pythagoras to
come up with the equation a2 + b2 = c2. He
arrives at the equation through playing with
tiles and a stonecutter’s rope. While the story
is, to say the least, contrived, it does show in a
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sequential, logical progression the elements
that lead up to understanding this theorem.
Illustrations by Phyllis Hornung are cartoon-like and might appeal to younger students, but the content is more appropriate
for older students.
Angles are Easy as Pie, by Robert Froman
(Young Maths Books, 1975), is a simple and
clear picture book that explains and defines
angles. A likable, silent alligator guides
readers to consider where we might find
angles, how they are defined and named, triangles and other shapes, relating the angles
of clock hands to how we tell time, and of
course, relating angles to slices of a pie.
Content in this book is presented in such an
engaging, straightforward way that one is
encouraged to turn the page to learn more.
There are also invitations to try easy experiments that will help readers to think about
and remember geometric concepts.
The Fly on the Ceiling, by Julie Glass
(Random House, 1998), is a humorous look
at the events that might have prompted
Descartes to create the Cartesian Coordinate
System. The circumstances and the tone are
silly, but the description of building a grid
and the explanation of how one works is
very good. This is a “Step into Reading”
math book, which means that young students can read it on their own. This is a
good, lighthearted introduction to grid systems and could benefit students from second
to fourth grade.

upbeat, encouraging, and
very clear. Cartoons by Jessica Wolk-Stanley help to
convey a general optimism
about figuring out geometry.
In the Sir Cumference
series, by Cindy
Neuschwander (Charlesbridge, 2001), medieval
characters solve silly problems, often with humor that
is perhaps more intended
for adults than children.
The first book, Sir Cumference and the First Round Table, relates
how King Arthur’s round table came into
being. In it we meet Sir Cumference’s wife,
Lady Di of Ammeter, and their son, Radius.
In other adventures, we meet more pun-ful
characters such as the Great Knight of
Angleland, Sir D’Grees, and two beasts that
are referred to as a “pair of Lells.” Why not
use these books? Because the emphasis is
placed on the humor and cleverness in
manipulating mathematical terms, not in
straightforward explanation of how the
terms or concepts evolved. This book could
make understanding diameter, radius, circumference, degrees, and angles very confusing. Why use these books? Because
Wayne Geehan’s lush illustrations, and the
choice of using medieval characters and settings, make these very engaging stories for
children.

Dr. Math Introduces Geometry!, by the
Math Forum at Drexel University (John
Wiley & Sons, 2004) is a great guide that
offers help for students in fourth through
eighth grade. In a question and answer format, many geometry concepts, formulae,
definitions, and explanations are organized
in an easy-to-find reference. These are actual
questions from math students needing help
with everything from defining a point, line,
and shape, to finding the perimeter, or the
area or volume of a solid, to symmetry. A
glossary and index of Web sites is included.
The writing, directed toward students, is
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Resource Reviews
A Book of One’s Own, Literacy through
the Book Arts, and Pictures and Words
Together, by Paul Johnson (see article,
page 1), present numerous projects in bookmaking. In these books, Paul synthesizes his
experiences as an educator, artist, and engineer of sorts. Each publication features
interesting projects, from simple to
advanced, with many student examples. The
step-by-step instructions and diagrams are
very clear and give one the sense that any
project is achievable. As well, there is much
material on the role of literacy, the process
of story making and design, and the importance of integrating these subjects.
A Book of One’s Own is out of print; try
searching at http://www.abebooks.com.
Literacy Through the Book Arts ($21.50),
and Pictures and Words Together ($28.00)
are available from Heinemann Publishing,
PO Box 6926, Portsmouth, NH 03802-6926.
Call 800-252-5800, online at
http://books.heinemann.com/.

Mathematics and Beauty: Aesthetic
Approaches to Teaching Children, by
Nathalie Sinclair (see article, page 13), is an
adventurous exploration of what it means to
include ideas of beauty,
elegance, and pleasure in
the study of mathematics.
Part I focuses on the plausibility of including aesthetics in math. Part II
functions to, “. . . Dispel
claims that the mathematical aesthetic should be
treated as a fanciful hobby
. . . .” Part III focuses on
the processes of middle
school students as they
approach problems, many
of which are accessible
through the Web site
http://tapor1.mcmaster.ca/
~sgs/maths/. Part IV looks
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at the aesthetic dimension of mathematics
enculturation, or how the learning of the
individual is impacted by the culture of the
classroom, school, and wider community.
The author makes a compelling case for
teachers to examine aesthetics and the role it
can play in math education for ages kindergarten through adult. 196 pages.

Improving Instruction in Geometry and
Measurement, by Margaret Schwan Smith,
Edward A. Silver, and Mary Kay Stein, is an
interesting collection of case studies looking
at geometry learning in middle-school
grades. The authors state that these cases are
chosen not because they are exemplary, but
because they offer great opportunities to be
analyzed. Each case includes sections on the
background of the class; an actual, detailed
lesson as it’s presented and the response of
the students; suggestions for analyzing the
case; connecting to your own practice; and
exploring curricular materials. Part of the
Ways of Knowing in Science and Mathematics series, this is a wonderful book to help
educators consider deeply how they want to
teach.134 pages.
Mathematics and Beauty: Aesthetic
Approaches to Teaching Children ($34.95)
and Improving Instruction in Geometry
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and Measurement ($24.95) are available
from Teachers College Press, 1234 Amsterdam Avenue, New York, NY 10027. Call 800575-6566, online at http://www.tcpress.com.
Patty Paper Geometry, by Michael Serra, is
a comprehensive guide that starts from the
very simple (draw two points, fold a crease
from one to the other to show “line”) to the
more complex (finding areas of polygons,
exploring tessellations and rotations, working with the Pythagorean theorem). Patty
paper (square papers used by the food industry to separate frozen meat patties) can be
used to explore them all, and much more.
Ideas and directions for over 100 activities
are clearly laid out. This is set up as a workbook, so could be used by a student directly,
or as a resource by teachers. There are recommendations for cooperative learning
groups and a sensible progression from start
to finish of each exploration. A glossary and
answer key are included. 262 pages.
Patty Paper Geometry ($23.95) and patty
paper (box of 1000 sheets for $6.95) are
available from Key Curriculum Press, 1150
65th Street, Emeryville, CA 94608. Call
800-999-6284, online at http://www.
keypress.com.
Metamorphs: Transforming Mathematical
Surprises, by Robert Byrnes, is a book of
paper models to cut out, fold, and glue into
polyhedra that “morph” into other polyhedra. Some of these forms also function as
moving puzzles. The brightly colored, heavy
paper is easy to work with for older students. This book includes background information, history, proofs and explanations of
each Metamorph. Teachers of seventh- and
eighth-grade students might prepare by testing these models first, then present to students, as some of the directions are difficult
to understand. This publisher also has many
excellent geometry resources, including
tools, books, and posters. 48 pages.
Metamorphs: Transforming Mathematical
Surprises is available from Parkwest Publications, PO Box 310251, Miami, FL 332310251. Call 305-256-7880, Fax 305-256-7816,
online at http://www.parkwestpubs.com.
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Groovy Geometry: Games and Activities
That Make Math Easy and Fun, by Lynette
Long, is a children’s activity book. Most of
the activities can be done independently
using everyday household items (but some
require photocopying). This is a very simple
book that covers a big range
of geometric concepts in 40
hands-on activities. Little
background information or
context is given for each
concept, but these activities
could be good introductory
or reinforcing experiences
for children. Looking for
patterns, asking questions,
trying out variations, and
making connections is
emphasized. Teachers could
use this book to help frame
activities as part of more
developed lessons.
Groovy Geometry: Games and Activities
That Make Math Easy and Fun is available
from John Wiley and Sons, Customer Care
Department, 10475 Crosspoint Blvd.,
Indianapolis, IN 46256. Call 877-762-2974,
online at http://www.wiley.com.
http://www.aimsedu.org/puzzles is the site
of AIMS (Activities Integrating Math and
Science) education puzzle pages. Here is a
vast selection, with over 100 games. Many
are geometry related. Some are downloadable as PDFs to copy and distribute to students.
http://www.paperfolding.com is the site of
Eric A. Anderson, an origami enthusiast. It
includes links to hundreds of other origami
sites, online directions, pages focusing on
the math/origami connection, history of
origami, and examples of his extraordinary
work.
http://www.learner.org/teacherslab/math/
geometry/ is the site for the Annenberg
CPB math and science project’s “Shape and
Space in Geometry” pages. Includes background information linking to the Standards
and fun, clear activities for students.
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Tracing Geometry
by Catheryne Draper

G

Students can use tracing
paper or patty paper to
make coin rubbings.
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ood math is memorable math, the kind
that stays with students so that they can
remember it and apply it to new situations.
Many students have a significantly better
chance of remembering if they can “see” the
math and then recognize the connections
among topics. It isn’t only about mastering
the pieces or the skills; it’s about seeing how
the pieces and skills fit together. Our job as
teachers is to help students see and hopefully remember valuable mathematical relationships from one grade level to the next.
The chances for a student to see what we are
teaching are significantly better when the
student is looking at the same thing that we
are teaching about. This idea seems so very
obvious. Unfortunately it is a larger challenge than we teachers sometimes realize.
One of my favorite and most effective
math tools across all grade levels is neither a
ruler nor a protractor. It is tracing paper, or
patty paper (the sheets that the food industry
places between beef patties, hence the
name). When students trace a shape, a math
symbol, or an illustration of a quantity while
you are teaching about that shape, symbol,
or quantity, then you can be sure of two
things: One, the students are looking at the

same item or components of the item you
are teaching about, and two, the students are
actively participating in the lesson. The
extent of student involvement after the tracing is up to you.
One of my early experiences with the
benefits of patty paper was in a secondgrade class during my lesson on money,
specifically the identification of coins. The
students did “coin rubbings,” to help them
focus on both the size and the imprint of the
coin face. I was delighted with their reactions and the conversations with the students
that this activity prompted.
A less dramatic, yet equally effective,
experience for another lesson at a different
grade level was an activity involving shape
properties. Students traced the shapes as
assigned—trapezoids, rhombi, circles,
squares, parallelograms, and rectangles—
and were asked to fold the papers to illustrate diagonals, symmetry, and any side
lengths that were the same measure.
Because that was so successful, I mixed the
regular polygons in with the irregular polygons so that students could identify more
properties and specify when the properties
would be applicable. I have used this activity
at several grade levels, depending on the lesson focus.
Eventually I started a growing file of
appropriate lessons that include the use of
patty paper either as an introduction or as an
exploration for further discussion. Since
then I have also reviewed many publications
that list other teachers’ experiences with this
material and attended workshops when
teachers have incorporated patty paper into
the sessions. A sampling of some of the
activities that I have created, borrowed, and
used with students is listed in the table
below and I have correlated the activity to
the recently distributed National Council of
Teachers of Mathematics (NCTM) publication Curriculum Focal Points for PreKindergarten through Grade 8 Mathematics.
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show how tracing and discussing can support the NCTM Focal Points and the Principles and Standards for School Mathematics.

The activities in this table describe only a
starter set of things that students can trace as
an active part of your lessons. The references from the Curriculum Focal Points
Things to trace

Student activity

Corresponding Focal Point

Trace regular shapes
square, rectangle, triangle,
pentagon, trapezoid, rhombus,
circle, others.

Fold the shapes to identify
lines of symmetry or diagonals
or properties that are
appropriate to the grade level
lesson

Grade 1, Geometry:
…Initial understandings of …
congruence and symmetry.
(p.13)
Grade 3, Geometry:
…Describe, analyze, compare,
and classify two-dimensional
shapes… (p. 15).

Trace irregular shapes

Reflect the shapes across a line
of symmetry or rotate the
shapes about the center to
identify what happens when:
a) The shapes are regular or
b) The shapes are irregular

Grade 4, Geometry:
… Extend understanding… find
areas of polygons and … use
transformations. (p. 16)

Find lines of symmetry and
diagonals and recognize which
properties make a shape
symmetrical, etc.
Trace rectangles on a
multiplication table, starting
from the upper left-hand corner

Notice and discuss that the
lower right hand number
describes the area of the
rectangle.

Grade 3, Number and
Operations:
… Use [geometric] properties
… of multiplication. (p. 15)

Rotate the rectangle 90 degrees
and find the new area number
in the chart.
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Things to trace

Student activity

Corresponding Focal Point

Trace squares on a
multiplication table, starting
from the upper left-hand
corner

Fold the square tracing by
bringing the upper right hand
corner down to meet the lower
left hand corner. What do you
notice about the numbers that the
resulting diagonal crease bisects?

Grade 4, Measurement:
… Connect area measure to
area model…use the connection
to justify the formula…. (p. 16)
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Things to trace

Student activity

Corresponding Focal Point

On a bar graph, trace
the bar that represents the
average

Use the tracing of the average
quantity to compare with each
bar on the graph. Talk about
the differences between their
heights. By how much would
each bar height need to change
to match the average?

Grade 8, Data Analysis:
… Compare the information
provided by the mean….
(p. 20)

Cathy Draper has more
than forty years
experience in math
education. She has also
worked as a math
textbook editor and math
supplementary materials
editor. She started The
Math Studio in the early
80’s and published,
“The Algebra Game,”
and, “Solving with
Pythagoras,” for
cooperative learning
groups. Visit the website
at http://www.math
studio.com.
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Things to trace

Student activity

Corresponding Focal Point

Trace parts of areas of
geometric shapes

Rearrange and reassemble the
parts. Discuss such questions
as, “Has the area changed?” “
Is the perimeter different?”
(Many texts ask students to cut
off the triangle so that the new
shape is clearly a rectangle.
This is a good idea but it does
not allow for discussion about
the shape that is now a
trapezoid.)

Gr. 3, Geometry:
… Investigate, describe, and
reason about decomposing,
combining, and transforming
polygons to make other
polygons. (p. 15)

Things to trace

Student activity

Corresponding Focal Point

Trace a linear graph of an
equation on a coordinate axis

Rotate graph of linear equation
at a given point on the line
until the traced line is
perpendicular to where it was.
Write the equation of the new
line, using the same x and y
axis as the original line uses.

Gr. 8, Algebra:
… Use linear function, linear
equations, and systems of
linear equations…. (p. 20)

Slide the line above or below
the y axis, keeping the angle
with the y axis parallel to the
original line. Write the
equations for the new line
using the same x and y axis as
the original line.

Full involvement with
learning
Several years ago I was in a workshop
where a reference about retention was discussed. It was said that William Glasser
reminds us that students forget 70% to
90% of information within the first 18 to
24 hours. He adds that students remember
about 10% of what they read. The percentage increases to 30% of what students see
and this increases to 50% of what students
see and hear. The percentage is estimated
to rise to as much as 80% when students
experience the learning personally. Imagine remembering 80% of what you learn!
If we teachers can unite the students’
experiential involvement with the power
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of seeing the pieces, then we clearly have
a winning combination. 

Resources
William Glasser Institute, http://www.
wglasser.com/.
Sawyer, W.W. Vision in Elementary Mathematics. Penguin Books, 1964.
Sawyer, W.W. Mathematician’s Delight. Penguin Books, 1943.
Serra, Michael. Patty Paper Geometry. Key
Curriculum Press, 1994.
The National Council of Teachers of Mathematics. Principles and Standards for School
Mathematics. NCTM, 2000.
The National Council of Teachers of Mathematics. Curriculum Focal Points. NCTM,
2006.

Connect

• PAGE 25

The Golden Triangle
Starting with a regular pentagon, the pentagram (five-pointed star) is generated by
drawing in the diagonals of the pentagon. Within the shape of the pentagram exist
golden triangles. The golden triangle is an isosceles triangle with a vertex angle of
36º and base angles of 72º each. Its legs
A
are in a golden ratio to its base. When a
base angle is bisected the angle bisector
forms two smaller isosceles triangles.
One of these triangles is similar to the
original triangle. The other triangle
serves as the generator of the spiral’s
B
C
curve.
Continuing the process of bisecting
a base angle of the new golden triangle
generates a series of golden triangles
and the formation of an equiangular
spiral.
AB/BC = golden ratio = 1.618033
Reprinted from, The Joy of Mathematics,
by Theoni Pappas (1989), by permission of
Wide World Publishing/Tetra, San Carlos,
California.
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